SADLER MATHEMATICS
METHODS UNIT 3

WORKED SOLUTIONS

Chapter 8 Discrete random variables

Exercise 8A

Question 1

a Continuous
b Discrete

c Continuous
d Discrete

e Discrete

f Continuous
g Continuous
Question 2

No (Probabilities do not add to 1)

Question 3

No (Probabilities do not add to 1)

Question 4

No (Probability cannot be negative)

Question 5

Yes
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Question 6
k=1-0.6
=04
Question 7
k=1-0.95
=0.05
Question 8
10k =1
k=0.1
Question 9

2.25k +2.8=1
2.25k =-1.8
k=-0.8

Question 10

X 0 1 2

P(X=x) | 02505 | 0.25

(Construct a two-way table or tree diagram if needed and count the number of tails obtained.)
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Question 11

a P(X =0)=0.2

b P(X >1)=0.8

c P(2< X <4)=0.2

d P(X :1|X21)=%:0.5
0.8
e P(X >4|X22):E:0.25
0.4
f P(Xs4|X22)=E:O.75
0.4
Question 12
a P(X >2)=0.4
b P(X>3)=04
c Pl<X <4)=05
d P(X:3|X>2):£:0.5
0.4
e P(X=5|X23):E:O.25
0.4
f P(X<4|X23):£:0.5
0.4
Question 13
X 0 1 2 3 4 5 6 7 8 9 10
P(X=x) | 0.005 | 0.015 | 0.055 | 0.175 | 0.375 | 0.625 | 0.825 | 0.945 | 0.985 | 0.995 | 1
Question 14
X 0 1 2 3 4 5
P(X=x) [0.04 |0.16 |0.3 0.3 0.16 |0.04
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Question 15

P(No heads) =0.6x0.6 =0.36
P(2 heads) =0.4x0.4=0.16
P(1 head) =1-0.3-0.16 =0.48

X 0 1 2

P(X=x) |0.16 | 0.48 | 0.36

Question 16
3
P( no heads) = (gj = 8
3 27
2
P(L head) = (EJ(EJ «3=2
3)\ 3 9
2
P(2 heads) = (Ej (gj x3= 2
3)\3 9
1y 1
P(3 heads)= (—) =—
3 27
X 0 1 2 3
27 9 9 27
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Question 17

RBB BRB BBR
1 231 213

P(one red)=gxgx—+ ______

X—X—+—X—X
4 3 543 5 43
=0.3

RRB BRR RBR

w

2 2 2 3 2 3 2 2

P(twored)= —=x—Xx—+—X—X—+—X—X—

543 5 4 3 543
_0.6
RRR
P(all red) = Sx 2x L
5743
0.1
X 1 2 3

PX=x) |03 |06 |01

Question 18

k+2k +3k +4k +5k =1

15k =1
k=t
15
X 1 2 3 4 5
15 15 5 15 3
a P(X :even)=£=g
15 5

1
b P(X <2)=—
(X<2)=r¢

¢ P(X>2)=2_%
155
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Question 19

k(5-1)+k(5-2)+k(5-3)+k(5-4) =1
4k +3k + 2k +k =1
10k =1

k=0.1

X 1 2 3 4

PX=x) |04 |03 |02 o1

a P(X =even)=0.4
b P(X <£2)=0.7

c P(X >2)=0.6
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Question 20

a

b

1-0.2-0.4-0.1=0.3
P(2 then 4) =0.2x0.3=0.12
P(2 and 4 in any order) =0.2x0.3x2=0.24

Total of 6 : 3and3 or 2and 4 or 4and 2
P(3then 3)=0.1x0.1=0.01
P(total of 6) =0.01+0.24

0.5
P(2 then 4jtotal of 6) = -2 1eN4)
P(total of 6)

012

T 0.25

_0.48

P(4,3,2) =0.3x0.1x0.4=0.012
P(4, 3, 2 inany order) =0.3x0.1x0.4x3!=0.072
Total of 10 in 3 spins: 4, 4,2o0r4, 3,3

I
P(4, 4, 2 in any order) = 0.3><0.3><O.4><% =0.108

I
P(4, 3, 3in any order) =0.3x0.1x 0.lx% =0.009
P(total of 10) =0.108+0.009 =0.117

P(1,1,10r2,2,20r3,3,30r4,4,4)=02"+04+01*+0.3°
=0.1

© Cengage Learning Australia Pty Ltd 2019



Question 21

45x44x43x 42
50x49x48x 47
=0.64696
45x 44 x 435 X[4j
50x49x48x47 (1
=0.30808

45x 44x5x 4 [4J

P(X =0)=

P(X =1) =

P(X =2)=

X
50x49x48x47
=0.04299

45x5%x4x3 X(4j

P(X =3)=
50x49x48x47

=0.00195
5x4x3x2
50x49x48x 47
=0.00002

P(X =4)=

X 0 1 2 3 4

P(X=x) | 0.64696 | 0.30808 |0.04299 |0.00195 | 0.00002
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Exercise 8B

Question 1

k =1—(0.35x 2+0.15+0.05)

=0.1

E(X)=1x0.1+2x0.35+3%0.35+4x0.15+5x0.05

=27

Question 2

3k+04=1

2k =0.6
k=0.2

E(X)=0x0.1+5x0.1+10x0.1+15%x0.1+ 20x 0.2+ 25x 0.4

=17

Question 3

20k =1
k =0.05
E(X)=5.85

Question 4

k=02
E(X)=11.6

& Edit Calc SetGraph ¢

list 1 list2 list3

0.05

QO 1T Ok Wb —
(=1

Stat Galculation

One-Yariable
X =3.83
=X =5.8)
Zx? =38.85
Ox =2.1511625
Sx =
il =1
minX =1

4 =4.5
Med =6.5

v ]
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Question 5

0.3+p+02+g+0.1=1

p+q=0.4 — Equationl
0.3+2p+0.6+4q+05=2.7

2p+49=13 — Equation 2
Solving simultaneously

p=0.15,0=0.25
Var(X) =1.3820275°
Stat Calculation
One-Variable =1.91
X =2.7
zx =2.7
Zx? =9.2
Ox =1.3820275
= i
minX =1
Ql =]
Yed =3
Question 6
p+g=0.5

0+i+2><i+3><i+4><i+5><i+6><l+7p+8q=g

36 18 18 12 12 6 9
67
7p+8q=—
p+oq 18

Solving simultaneously
5 2

P=1897 %

Question 7

E(X)=10, SD(X)=15

a If scores are increased by 5, then E(X) =15.
b Increasing all score by 5 does not alter the spread.
=SD(X)=15

c E(3X —4) =3x10-4 = 26

d SD(3X —4) =3x1.5 =45
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Question 8

X 10 20 30 40 50
P(X=x) 03 02 02 02 0.1

E(X)=26
Var(X) = (13.56466)" =184

b E(X +3) =29

c E(2X) =52

d E(2X +3)=55
e Var(X +3) =184

f Var(2X)=4x184
=736

g Var(2X +3) =736

Question 9

X 1 2 3 4 5
P(X=x) 02 02 02 02 02

E(X)=3

Var(X)=2

Question 10

X 0 15 30

px=x |2 | L |2
3 6 6

E(X)=0x2+15x 21 30x =
3 76T

=75

They should charge $8 per game.
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Question 11

Let $ X be the amount of money given back on a single play

X 0 5 10 c
px=x | L |1 |1 %
2 8
5 10 1

E(X)=0+=+—+=cC
8 8 4

Breakeven — Cost = E(X)
15 1

C=—+=cC
8 4

3,15

4 8
c=25
.. Cost should be at least $2.50 per game.

Question 12

a Mean value = expected value
1(1+...+8) :§=4.5

8 8

< E(X)=45

b Mean value on=%(1+4+9+...+49+64)

:lx204
8

E(Y)=255

c Mean value on:l 1+1+1+...+1+l
8 2 3 7 8

_1(761
8| 280
761

E(Z)=——
(2) 2240
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Question 13

Let $X represent the prize money

+(0|1|1|3 |5

X 0 1 2 3 4 5 6 8

10

P(X=x) |0.04 |0.16 |0.16 |0.08 |0.16 |0.08 |0.2 0.08

0.04

a P(X >6)=0.12

b X=4

o
100x5 =$500
E(X)=4 (prize money per game)
100x4 = $400

After 100 games, the organisers would expect to be "up" by $100.

Question 14

E(X) =1.85 cars per fortnight

Scheme 1:

1.85x 250+500 = $962.50

Scheme 2:

1.85x 475 =$878.75

..Scheme 1 is a better choice as the expected fortnightly earnings is higher.
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Question 15

a E(X)=$1340

b E(Y)=%$1270

C Scheme A does have a higher expected value but it also has a 50% chance of losing

some of the investment while Scheme B has a 0.1 chance of losing less money.
I would advise Scheme B.
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Miscellaneous exercise eight

Question 1
100 000
a N
1+ 499¢°
=200
o 100 000
1+499e%%°
=298
. 100 000
1+499g %%
=444.02 ~ 444
d 1+499¢ % =1+:0%
Ast— oo, e”® — 0 and 49tg — 0. .. N approaches 100 000.
e
Question 2
6
2T
1 -3 3
b Bx—=X 2 =—
2 NS
c 10x —e”
d e« 6x = 6xe%
e e« 6x = bxe®
f (2Xx—3)5(2x +1)* x 2+ (2X +1)° x 2

=2(2x+1)*[5(2x-3) + (2x+1)]
= 2(2x+1)* [L0X—15+2x +1]
= 2(2x+1)* (12x —14)
= 4(2x+1)*(6x-7)
g 10cos x

h c0510xx10 =10c0s10x
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Question 3

3x° -5

Question 4

a X is not a uniform discrete random variable as each of the probabilities are different.
b X is a discrete random variable as the possible values of X are discrete values and the

probability of each one is the same, %

C X is not a uniform discrete random variable because the variable involved (height) is

continuous, not discrete.

Question 5

5x°
x-1
5x° = (5x +3)(x —1)
=5x*-2x-3
2X=-3
x=1.5
y =5(-1.5)+3
=-4.5
.. Point of intersection (-1.5,-4.5)

=5x+3

i[ 5x2 ]_ (x—1)10x —5x> x1

dx| x—1 (x—1)°
_ 10x* —10x —5x*
S (x=Y
_5x*-10
C(x-D?
_ 5x(x-2)
C(x=17

When x =-1.5,

dy 5(-1.5)(-3.5)

dx (-2.5)°

=42
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Question 6

ﬂzxzxezxx2+ezxx2x
dx

=2xe”*(x+1)
When x =1,

ﬂ = 2(1) X e2 x 2
dx

= 4¢?
Question 7

dy  (x=2)2x-=x’x1

dx (x—2)*
2P —4x-X
o (x=2
_ xXP—4x
C(x-2)
_ X(x-4)
(x-2)’
When x =3,
dy 3x(-1)
dx 12
=-3

.. Gradient of the normal is 1

Equation of the normal is of the formy = 1x +C
using (3, 9)
1
9=—3)+cC
3
c=8
.. Equation of normal is y :%x+8

3y=x+24
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Question 8

a I *10x“dx
0

Tiox° T
15
=[2¢],

=2x2°-0
=64

b j: 2dx

=[2x],
[8-4]
4

3
c J.Z (2+6x)dx
_ 2P
_[2x+3x ]2
=(6+3>< 9)—(4+3x 4)

=33-16
=17

Question 9
Igsin xdx
0
=[-cos x]og

=—COS§—(—COSO)

=0-(-1)
=1
. Area =1 unit?
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Question 10

e
a Ast — o0, —=—>0
oo

=V o715
.. Terminal velocity =75 m/s

av
a=—
dt
v _ 75(—(-0.13)e ")
dt
= 75(0.13e7%*)
_ @efo.m
4

When t =5,

— Q e—O.le 5
4
=5.09 m/s*

a

i When t = 20,

_ ﬁ g 01320
4

=0.72 m/s?

a

Question 11

f"(x) =20(3-%)* +6x—6

f'(x) =-5(3—-x)" +3x* —6x+C

f'(1)=-5(2)*"+3-6+c=-83
c=0

o /(%) =-5(3—-x)* +3x* —6x

f(X)=B-x)°+x*-3x*+¢
f(1)=2"+1°-3+c=28
c+30=28
c=-2
S F(X)=B=x)°+x¥-3x* -2
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Question 12

X3 x x*

y= 2

dy X0 x4 +x*x3x%) =X < x* x 2x

dx x*
_XP(4x°+3x°%)—2x°

7x® —2x8

Question 13

dy 2xxe*—e*x2
dx 4x?
0- ex(le)
2X
e*#0, x=1
When x =1,

VZE

- (L, 0.5e)
Question 14

_ e*(—sin x) + cos xe*
dx

0=e*(cos x—sin x)
e*#0, cosx—sinx=0

COS X =Sin X

tanx=1
_In 3n 7m Sm
TaTa e s
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Question 15

a j4xdx

4%?
= +c
2

=2x"+cC
b jee“dx
=3j2e“dx

=3 +c¢

d x
c J&(xz +e*)dx

=x*+e*+c
d
d — (x%")dx
| o ()
=x%* +c
Question 16

a k+2k +4k +k +4k =1
12k =1
k=—
12
b P(X =3)=4k
1

=4x—
12

1

3

c P(X >3)=P(X =4)+P(X =5)
1 1

_+_

12 3

k2

12

d P(X >3)=P(X =3)+P(X >23)
5

+_
12

1
3
3
4
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P(X=3|X>3)=0
If X >3, it cannot be equal to 3.

P(X =3)

P(X =3|X >3) = S(X=3)

_1+4+12+4+20
12

_4l
12

SD(X)=1.32
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Question 17

a
"k :
l
J\-reo
-] | o
M x
|
|
|
b
L
|
:_‘| = g'(x)
i
“‘\ ;:f -._'I.'
\i
I
Cc
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Question 18

5n
a jf(as—gnxmx
5n
=[0.5x +cos x]§

:{lx5—n+coss—n}—[0+c030]
2 6

_ 5n-6y3-12
12

5n
b AsL6m5—gn@dx<o

5n 5n
L6®5—SMXMX=—1XLGWB—ﬁnXMX

_ | 5n-6v3-12
B 12

12+643-5n
12
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c 0.5-sinx=0
sinXx =

5n

X = —
6

ola N

51

jf (0.5—sin x)dx —jf (0.5—sin x)dx

1l = T 1 1 5xn oM
=| —x—+C€0S— |—| =x0+co0s0 |—| | =x—+C0S—
2 6 6 2 2 6 6

12 2 12 2

TE+\/§ 5n+x/§+71: \/§

12 2 12 2 12 2

=1+£_1_((5_n_£}[1+£
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