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Preface

The answers in the Sadler text book sometimes are not enough. For those times when your really need to see
a fully worked solution, look here.

It is essential that you use this sparingly!

You should not look here until you have given your best effort to a problem. Understand the problem here,
then go away and do it on your own.
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CHAPTER 1

Chapter 1

Exercise 1A

1.

10.

11.

12.

13.

- L r/ Y \ﬂ o
—2 1 O 1 2 3 4 5 6 7 8 9 10
r=3orxz=7

o elvle .
-2-101 2 3 45 6 7 8 910
r=borz=7
‘,,,,/2\/2\““;
—10—9—8—7654321012
r=—-6orx=-—2

S 765432101023
x:—80ra::2

R 2

21012345678 910

xr =

. x+3=7 or r+3=-7
T = z=-10
.x—3=5 or r—3=-5
r =38 r=—-2
. No solution (absolute value can never be nega-
tive).
r—2=11 or r—2=-11
z =13 rz=-9
20 +3=7 or 20 +3 = -7
20 =4 2x = —10
r=2 r=-5
50 —8=7 or br —8=—-7
5x =15 hr =1
r=3 1
= -
5

Find the appropriate intersection and read the
z-coordinate.

(a) Intersections at (3,4) and (7
T=1.

(b) Intersections at (-2,4) and (6,4
or z = 6.

(c) Intersections at (4,2) and (8
T =8.

4)sox=3or
)sox = —2

,6) sox =4 or

15.

16.

17. 4

18.

19. o

20.

21.

—_

oo e Se

(a) Intersections at (-4,5) and (1,5) so z
or x = 1.

(b) Intersections at (-6,6) and (2
or x = 2.

,2) so x

(c) Intersections at (-4,5) and (0
or z = 0.

,3) so x

(d) Intersections at (-3,3) and (-
or r = —1.

1,1)sox

No solution (absolute value can never be
tive).

/V\

0123456789101112
r=2_8

>

8 10 12 14

N

1086420 2 46

T =2

1.5 1.5
AR S S
-6 -5 -4 -3 -2 -1 0
r=-35

nega-



Exercise 1A

1012345678 91011
rx =25

23. r+5=2r—14

x =19

|19+ 5| = |2 x 19 — 14|
24| = |24| V
or
x+5=—(2x—14)
r+5=-2x+14
3z =9
=3

1345 =2 x3— 14|

18 =[-8] v

24. 3r—1=x2+4+9
2x =10
r=2>5

3x5—1]=1[549

[14] = |14] v
or
—Bx—1)=x+9
—3r+1l=x+9
—4xr =8
T=-2
Bx—2—1|=|—2+9
=T =17 v
25. dr —3=3x—-11
T =-8
[4 x —8 — 3| = |3 x —8 — 11|
| —35|=|—-35] v
or

dr —3=—3z —11)
dr—3=-3xr+11
Tx =14

r=2

[4x2-3=[3x2—11|

5| =1-5] v
26. S5r—11=5—-3z
8xr =16
=2

5x2—11]=[5—3x 2|

=1 =]-1 v
or

29.

28.

—(bzr—11)=5-3x
—Sr+11=5—-3x
6 =2x
r=3
[5x3—11|=15—3 x 3]
4l =1-4 v

27. x—2=2x—-6
—xr=—4
r=4

4-2(=2x4-6
21=2 Vv
or
—(x—2)=2x—-6
—x+2=2x—-06

—3xr = -8
8
= -
3

8 8

- —2/=2x-—-6

2 2
I51# -3

The second ’solution’ is not valid. The only so-
lution is x = 4.

r—3 =2
z=-3
|-3-3|=2x-3
|~ 6 £ —6
or
—(x—3) =2z
—r+3=2
-3z = —3
r=1
1-3=2x1
|—2/=2 V

The first ’solution’ is not valid. The only solution
isz=1.

r—2=05zx+1
0.50 =3

=26

6] —2=0.5x6+1

4=4 Vv

or



Exercise 1A

30.

31.

32.

—x—2=05zx+1
—1.5x=3

T = -2

|—2/-2=05x%x-2+1

0=0 V.
r+2=-3x+6
4o =4
rz=1
[14+2/=-3x1+6
3| =3 Vv
or

—(x+2)=-3zx+6

—rx—2=-3x+6
20 =8
r=4

442 =-3x4+6

The second solution is invalid. The only solution

6] #3—6
isx = 1.
x> 1:
r+5+x—1
2z + 4
2z
T
—5<x <1

r+5—(x—-1)=7
r+b5—x+1=7

=7
=7
=3
=15 v

6#7 = nosoln
r<-=5
—(z+5)—(x—-1)=7
—r—5—x+1=7
—2r—-4=7
—2x =11
r=-55 V
T > 4:

r+3+r—4=2

20 —1=2
20 =3
r=1.5

= no sol’'n (out of domain)

-3 <x<4:

r+3—(x—4)=2
r+3—x+4=2
T#£2

— no sol’n

r < -—3:

—(z+3)—(x—4)=2
—z—3—-—x+4=2

2r+1=2
—2r=1
r=—-0.5

= no sol’'n (out of domain)

The equation has no solution.

33. x> 3:
r+5+r—-—3=8
20 +2 =218
20 =6
r=3 V
—5<x<3:

r+5—(x—3)=8
r+5—x+3=8
8=218
= all of —5 <z < 3 is a solution.
r < —5:

—(x+5)—(x—-3)=8
—r—5—x+3=28

—2xr—2=28
—2x =10
r= -9

Solution is —5 < z < 3.
34. x> 8:

r—8=—(2—2)—6
r—8=-24x—-6
-8 =-8

= all of z > 8 is a solution.

2<z <8
—(x—8)=—(2—2)—6
—x+8=-24+2x—6
2x =16
Tr =
r <2

—(x—8)=2—2—6
—r+8=—-xv—-4

8# —4 = nosol’n

Solution is x > 8.



Exercise 1B

Exercise 1B

o

1 e 22 R
6 -5-4-3-2-1012234°5 6

—2<r<?2

o NN

6-5-4-3-2-1012 3 45 6

—-5<zr<h
:7 7:
-10 -8 6 4 -2 0 2 4 6 8 10

r< —-Torxz>T7
3 3

5432101234567

r<—lorx>5

5o & 4Y4

8§ -76-5-4-3-2-1012 3 4

-7<zx<1

Algebraically:

For 5z —3 > 0: For 52 — 3 < 0:

br —3 <7 —(bx—-3)<7
5z < 10 S5t —3 > —7
r <bH 5r > —4
4
x>—g

—g <z <2

10.

11.
12.

13.

14.

<!
<

T3 2
-1y
Algebraically:
For 22 — 3 > 0: For 22 — 3 < 0:
20 —3>5 —(2x-3)>5
2x > 8 20 —3 < =5
T >4 2r < =2
< —1
r<—lorzxz>4
Yy
13% y = 15— 22|
9-.
7.-
5
1--
RN
v
Algebraically:
For 5 —2x > 0: For 5 — 2x < 0:
520 <11 —(5—2z) <11
—2x <6 —5+2x <11
T > —3 2 < 16
r <8
—-3<z<8

Centred on 0, no more than 3 units from centre:
|z <3

Centred on 0, less than 4 units from centre:
|z| < 4

Centred on 0, at least 1 unit from centre: |z| > 1

Centred on 0, more than 2 units from centre:
|| > 2

Centred on 0, no more than 4 units from centre:
|| < 4

Centred on 0, at least 3 units from centre: |z| > 3
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Distance from 3 is greater than distance from 7.

Distance is equal at * = 5 so possible values are
{r eR:xz>5}.

Distance from 1 is less than or equal to distance
from 8. Distance is equal at = 4.5 so possible
values are {z € R: x < 4.5}

Distance from —2 is less than distance from 2.
Distance is equal at x = 0 so possible values are
{r eR:xz <0}

Distance from 5 is greater than or equal to dis-
tance from —1. Distance is equal at * = 2 so
possible values are {z € R: z < 2}.

Distance from 13 is greater than distance from
5. (Note |5 — x| = |« — 5|.) Distance is equal at
x =9 so possible values are {x € R: z < 9}.

Distance from —12 is greater than or equal to
distance from 2. Distance is equal at x = —5 so
possible values are {x € R: z > —5}.

Centred on 2, no more than 3 units from centre:
|z —2| <3

Centred on 3, less than 1 unit from centre:
|z —3| <1

Centred on 2, at least 2 units from centre:
|z —2| > 2

Centred on 1, more than 2 units from centre:
|z —1] > 2

Centred on 1, no more than 4 units from centre:
|z —1] <4

Centred on 1, at least 4 units from centre:
|z —1| >4

r< -—-Horx>5H

For 2z > 0: For 2z < 0:
20 <8 —2xr <8
x <4 2 > =8
x> —4
—4<x<4
|z| > —3 is true for all z (since the absolute value

is always positive).

Distance from 3 is greater than or equal to dis-
tance from —5. Distance is equal at —1 so
r < -—1.

31.

32.

33.

Y
6t
=|224+5 /
y= | .
y =z +1]
|
|
|
|
|
]
|
|
N . ) T 2 3=
-5
Algebraically:

First solve |z 4+ 1| = |22 + 5]

r+1=2x+5 or —(z+1)=2x+5

r=—4 —rx—1=2x+5
—6 =3z
T =2

Now consider the three intervals delimited by
these two solutions.

ez < —4
Try a value, say -5:
Is it true that | — 5+ 1] < |2(=5) + 5| ?
Yes (4 < 5).
o 4<x< =2
Try a value, say -3:
Is it true that | — 3+ 1] <[2(—=3) + 5| ?
No (2 £ 1).
o> -2
Try a value, say 0:
Is it true that |0+ 1] < |2(0) + 5| ?
Yes (1 <5).

Solution set is

{reR:z<-4}U{zeR:z>-2}

No solution (absolute value can not be negative.)

First solve |5z 4+ 1| = |3z + 9]

S5r+1=3z+9 or —(bz+1)=3z+9

20 =8 —Sr—1=3x+9
=4 —10 = 8z
T =-1.25

Now consider the three intervals delimited by
these two solutions.

o x < —1.25
Try a value, say -2:
Is it true that |5(—2) + 1| > [3(—2) 4+ 9| ?
Yes (9 > 3).
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34.

35.

e —125 < <4
Try a value, say 0:
Is it true that |5(0) + 1| > |3(0) + 9| ?
No (1 #9).

oz >4
Try a value, say 5:
Is it true that |5(5) + 1| > |3(5) +9| ?
Yes (26 > 24).

Solution set is

{reR:x<-125U{z eR:z >4}
First solve |2z + 5| = |3z — 1]

2r+5=3x—1 or —(2rx+5)=3zx-1

r=06 —2xr—5=3r—-1
—4 =b5x
rz=—0.8

Now consider the three intervals delimited by
these two solutions.

o < —038
Try a value, say -2:
Is it true that |2(—2) + 5| > [3(-2) — 1| ?
No (1 £ 7).

e 08<x<6
Try a value, say 0:
Is it true that |2(0) + 5] > |3(0) — 1] ?
Yes (5 > —1).

e >0
Try a value, say 7:
Is it true that |2(7) 4+ 5| > [3(7) — 1] ?
No (19 # 20).

Solution set is

{reR:-08<z<6}

Actually we only need to test one of the three
intervals. At each of the two initial solutions we
have lines crossing so if the LHS<RHS on one
side of the intersection it follows that LHS>RHS
on the other side, and vice versa. We’ll use this
in the next questions.

First solve |6z + 1| = |2z + 5|

6xr+1=2x+5 or —(6z+1)=2x+5

e =4 —6xr—1=2x+5
r=1 —8x =6
z=-—0.75

Now test one of the three intervals delimited by
these two solutions.

o < —0.75
Try a value, say -1:
Is it true that |6(—1) + 1] < [2(—-1)+ 5| ?
No (5 £ 3).

36.

37.

38.

39.

40.

Solution set is

{(z€R:—0.75<z <1}
First solve |3z 4+ 7| = |22 — 4]

3x+7=2x—4 or —Bx+T7)=2zx—-4

r=—11 —3r—T7=2xr—4
—5r =3
x=—0.6

Now test one of the three intervals delimited by
these two solutions.

o < —11
Try a value, say -12:
Is it true that [3(—12) + 7| > |2(—12) — 4] ?
Yes (29 > 28).

Solution set is
{reR:z<-11}U{zeR: x> —-0.6}
This is true for all € R since the absolute value

is never negative, and hence always greater than
-9.

First solve | — 1| = |22 + 7|

r—1=2x+4+7 or —(x—1)=2x+7

T =-8 —x+1=2x4+7
-3z =06
T =2

Now test one of the three intervals delimited by
these two solutions.

ez <8
Try a value, say -10:
Is it true that | — 10 — 1] < |2(=10) + 7| ?
Yes (11 < 13).

Solution set is

{reR:z<-8tU{reR:z> -2}

Distance from 11 is greater than or equal to dis-
tance from —5. 3 is equidistant, so z < 3

First solve |3z 4 7| = |7 — 2x|

3x+T7=7—2x or —QBz+T7)=7-2x

5¢ =10 3 —-T7T=7-2zx
z=0 —xr =14
r=-—14

Now test one of the three intervals delimited by
these two solutions.

e r < —14
Try a value, say -20:
Is it true that |3(—20) + 7| > |7 —2(—20)| ?
Yes (53 > 47).
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41.

42.

43.

44.

45.

46.

47.

Solution set is

{reR:z<-14}U{zeR:z >0}

No solution (LHS=RHS Vz € R)
True for all z (LHS=RHS Vz € R)

We can rewrite this as 3|z + 1| < |z + 1| which
can only be true at x +1 =0, i.e. z = —1.

We can rewrite this as 2|z — 3| < 5|x — 3| which
simplifies to 2 < 5 for all z # 3, so the solution
set is

{reR:xz#3}

First solve z = |2z — 6|

x=2r—06 or x=—(2x —6)
z =06 z=—-2x+6
3z =6
r=2

Now test one of the three intervals delimited by
these two solutions.

oz <2
Try a value, say 0:
Is it true that 0 > |2(0) — 6] ?
No (0 # 6).

Solution set is

{reR:2<z <6}

First solve |z — 3| = 2z

x—3=2x or —(z—-3)=2z
Tz =-3 —r+3 =2z
3z =3

r=1

The first of these is not really a solution, because
it was found based on the premise of x — 3 being
positive which is not true for x = —3. As a re-
sult we really have only one solution. (Graph it
on your calculator if you're not sure of this.)

Now test one of the two intervals delimited by
this solution.

e r <1
Try a value, say 0:
Is it true that |0 — 3] < 2(0) ?
No (3 £ 0).

Solution set is

{reR:z>1}

First solve 2z — 2 = |z

48.

49.

50.

o1.

2 —2==x or 20 —2=—=x
2

= -

3

The second of these is not really a solution, be-
cause it was found based on the premise of =z
being negative which is not true for x = % As a
result we really have only one solution.

Now test one of the two intervals delimited by
this solution.

o <2
Try a value, say 0:
Is it true that 2(0) —2 < |0]) ?
Yes (—2 < 0).

Solution set is

{reR:z <2}

First solve |z| + 1 = 2z. If you sketch the graph
of LHS and RHS it should be clear that this will
have one solution with positive x:

r+1=2x

r=1

The LHS is clearly greater than the RHS for neg-
ative x so we can conclude that the solution set
is

{reR:z<1}
Apart from having a > instead of > this problem
can be rearranged to be identical to the previous

one, so it will have a corresponding solution set:

{reR:z <1}

First solve |z + 4| =« + 2

r+4d=x+2 or —(z+4)=x+2
No Solution —r—4=x+2
—2rx =26
r=-3

The second of these is not really a solution, be-
cause it was found based on the premise of x + 4
being negative which is not true for x = —3. As
a result we have no solution. Graphically, the
graphs of the LHS and RHS never intersect, so
the inequality is either always true or never true.
Test a value to determine which:

Try a value, say 0:

Is it true that |(0) +4|>0+27

Yes (4 > 2).

Solution set is R.

“*” must be > because we are including all values

of = greater than some distance from the central
point.



Miscellaneous Exercise 1

At the value x = 3 we must have

|22 + 5| =a
2x3+5|=a
a=11
Then at x = b
—(2b+5)=11
—-2b-5=11
—2b=16
b=-8

52. Since 3 is a member of the solution set, result-
ing in the LHS being zero, the smallest possible
absolute value, the inequality must be either <
or <. Since we have a filled circle at the starting
point we can conclude that “*” is <.

Point = 5 is equidistant between 3 and a (i.e.
|z — 3| = | —a| at = 5 so we may conclude
that a = 7.

53. First solve |22 + 5| = |z + qf
2r+5=x+a or —(2x+5)=x+a

r=a—>5 —2r—b5=zx+a
—3r=a+5
_a+9d

-3

Miscellaneous Exercise 1

1. distance = /(=3 —2)2 + (7 — —5)2
=25+ 144
=13

(b) f(—5) = 5(—5) — 3
=28

(c) f(1.5) =5(1.5) —3
=45

(d) f(p) =5p—3

(e) f(g)=-18

5¢ —3 = —18
5q¢ = —15
=-3

3. (a) 8=23

This gives us either

ea—5=-2and —%5 = —4; or
ea—5=—4and —%5 = -2
Only the second of these works, and we have
a=1

The open endpoints exclude < and > and all that
remains is to test a value between —2 and —4 to
decide between < and >.

12(=3) +5] = [(=3)+1]
1 = 2

and we see that “*” is <.

(a) False. This equation only holds when x
and y are either both positive or both nega-
tive. For example, consider x = 1, y = —2:
|z +y| =1 but |z| + |y| = 3.

(b) False. This equation only holds when z
and y are not both positive or both nega-
tive, and further when |x| > |y|. For exam-
ple, if =1 and y = 2, |x +y| = 3 but
|z — [yl = —1.

(¢) False. For example, consider z = 1, y = —2:
|z +y| =1 but |z| + |y| = 3.

(d) True for all real values of x and y.

) 64 =82 = (23)2 =26
) 93 « 97 — 93+7 _ 910
) 25 x 16 = 2% x 2 =29
) 910 = 97 _ 910-7 _ 93
) 2T +8=27+23 =24
) 256 x 64 = 28 x 20 = 214
) 1=20
) 55 x 57 = 510
56+z _ 510
6+2=10
=4
(b) 27x3*=37
33 x 3% =37
g3tz _ g7
3+x="7
x=4



Miscellaneous Exercise 1

(¢) 1000000 = 10°

10% = 10°
=06
(d) 12° +12° =144
1297% =122
9—x=2
=7

(e) 2> x8x2" =2
23 x 23 x 97 =210
23+3+m _ 210

6+ =10

=4

(f) 0.1 = 10"
107 = 10"
z=-1

(a) =5<x<5b

(b) True for all  (An absolute value is always
greater than any negative number.)

() 6<2r<6s0-3<x<3

(d) No value of z satisfies this since an absolute
value cannot be less than zero.

(e) True for points on the number line having a
distance from 3 less than their distance from
9, i.e. points nearer 3 than 9. The midpoint
of 3 and 9 is 6 so the values of x that satisfy
the inequality are x < 6.

(f) True for points on the number line nearer -1
than 5. The midpoint is 2, so z < 2.

6. Refer to Sadler’s solutions for the sketches.

These comments briefly describe the operations
that have been enacted to produce these sketches.

(a) Vertical reflection in the z-axis

(b) Horizontal reflection in the y-axis

(¢) That part of the curve lying below the -
axis is vertically reflected in the z-axis.

(d) That part of the curve lying to the left of
the y-axis is replaced with a mirror image
of the part lying to the right of the axis.

7. Each function is of the form y = |a(z—b)| where a

represents the gradient of the positive slope and b
where it meets the z-axis. (It may be necessary
to expand brackets if comparing these answers
with Sadler’s.)

Gradient 1, z-intercept -3: y = |z + 3|

)

b) Gradient 1, z-intercept 3: y = |z — 3|
) Gradient 3, z-intercept 2: y = |3(z — 2)|
)

(d) Gradient 2, z-intercept -2: y = |2(z + 2)]
(a) f(3)=3(33)—2=7

(b) £(=3) =3(=3) —2 = —11

() 8(3) = £(J3)) = £3) = 7

(d) g(=3) =1 -3)) =13) =7

(e) f(5) =3(5) —2=13

(f) g(=5) =f(] = 5]) = £(5) =13

(g) The graph of f(x) is a line with gradient

3 and y-intercept -2. The graph of g(z) is
identical to that of f(z) for > 0. For z < 0
the graph is a reflection in the y-axis of the
graph for positive z.

(a) The line lies above the curve for « between
b and e (but not including the extremes):
b<z<e.

(b) As for the previous question, but including
the extremes: b < x < e.

(¢) The line is below the z-axis for = < a.
(d) The line is above or on the z-axis for z > a.

(e) The quadratic is above or on the z-axis for
z<corz>d.

(f) The quadratic is above the z-axis for x < b
orx > e.

10. Because a is positive the sign of ax is the same

as the sign of x and hence |az| = a|z|. Similarly
|bx| = b|x|.

|bx| > |azx|

blz| > a|x|
Because |z] is positive we can divide both sides by
|| without being concerned about the inequality

changing direction. This is, of course, only valid
for z #£ 0

b>a

which is true for all £ so we can conclude that
the original inequality is true for all x # 0.
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Chapter 2

Exercise 2A

1.

(a) 035° (read directly from the diagram)
(b) 35 + 45 = 080°

(c) 35+45+30=110°

(d) 180 — 35 = 145°

(e) 180 + 20 = 200°

(f) 360 — 60 = 300°

(g) Back bearings:
35 4 180 = 215°

(h) 80 + 180 = 260°

(i) 110+ 180 = 290°
(j) 145+ 180 = 325°
(k) 200 — 180 = 020°

(1) 300 — 180 = 120°

No working required. Refer to the answers in

Sadler.
h
. tan?28° = —
an 28 292.4
h = 22.4tan 28°
=11.9m
2 20m| -
. tanf = = Om .
MY =0 0 [~
2 4.1m
f=tan~ ' —
4.1
= 26°
h Wl o
. tan24° = — o/~ <
o 225 24° "~ _
h = 22.5 tan 24° 22.5m
=10.0m

. After one and a half hours, the first ship has trav-
elled 6km and the second 7.5km.

North
A

10

==
A -~ T\g° g 5 N
e——dap —>|<— dgp ——»
da
40
tan18° = —
an i
40
da = tan 18°
40
tan 35° = s
40
dp = tan 35°
dar — 40 40
AB = tan 18°  tan35°
= 66m

40m

ZCAB = 302 — 239

= 63°

ZCBA = 212 — (302 — 180)
=90°

12.2

d
12.2

cos 63°
= 26.9km

cos 63° =




Exercise 2A

e 42m \\\

9 N L \28° B 1727~
——d 4 —+7dc —
dac

tan 28° 42
n = —
a i
42
d =
47 tan 28°
42
tan17° = —
an e
42
d =
¢~ tan 17°
dar — 42 42
AC = tan28°  tan17°
= 216m
/’//‘
-7 |36m
10. - s
- S\

A = | B \ O
——dap 4+—dB —»
da
36

tan15° = —
an i
36
da = tan 15°
36
tan40° = —
an e
36
d =
B Yan40°
dar — 36 B 36
AB = tan15°  tan40°
=91m
- D
S DIE
11. C T~ /30° E
40m Tl
A —=alp
Distance between towers:
40
tan 30° = —
an 30 B
40
" tan 30°
=40V3
Additional height of second tower:
tan 20° = DE
40V/3
DE = 40v/3 tan 20
= 25.22m

11

Total height of second tower:

DB = 25.22 + 40
~ 65.2m

12.
First determine the angles in the triangle made
by the tree, the hillslope and the sun’s ray.
ZACB =39 — 20
=19°
ZCAB =90 — 39
=51°
Now use the sine rule:
h 35
sin19°  sin51°
_ 35sin19°
~ sinbl°
= 14.7m
F
N
[
[N
I \
o
| \
| \
l ‘\
d, v
13. . \
| \ N
| oA
I \ I
1 \\ 1
| 65°,
\I
A 5.3km B

ZABF =335 — 270

= 65°
d
tan 65° = —
a 5.3
d = 5.3tan 65°
= 11.4km



Exercise 2A

14.

15.

16.

.................. _ Plane
T 30°\ .-~
500m I
T o
Shipl Ship2
<—d—+—d2
dy
500
tan 30° = =
n &
500
" tan 30°
= 866m
500
tan 40° = ——
n &
500
d =
27 tan40°
= 596m
d=dy —do
= 270m
E \\\]0\0\
S RV
a
D 60m C
AC = /602 + 402
=20V13
60
tan /ZDAC = —
an C= 10
/DAC = 56.3°
/BAC = 180 — 56.3
=123.7°
/ABC =180 — 123.7 — 10
= 46.3°
AB  20V13
sin10°  sin46.3°
AB— 20@ sin 10
sin 46.3°
=17.3m
540 =" 540cm
inl7° = "—"— _--"\17°
Sin d A _ ’\
540
sin 17°
= 1847cm

12

17.

18.

19.

Rounded up to the next metre this is 19m.

1.6 < h
tanf = — C_- .140o .. D
19.6 Lem| Tar-
0 =4.7° ' 0 [~~~
/DCE = 40 — 4.7 A 196m B
= 35.3°
DE
tan 35.3° = —
o 19.6
DE = 19.6 tan 35.3°
=13.9m
h=139+1.6
= 15.5m
Let the height of the flagpole be h and the dis-

tance from the base be d. Let 6 be the angle of
elevation of the point % of the way up the flag-
pole.

h
tan40° = —
an pi
0.75h
tanf = ——
an pi
h
=0.75—
d
= 0.75 tan 40°
6 = tan~' (0.75 tan 40°)
= 32°
x
0 ¢
P
|~ Yy
tanf = —
Y
T
N tang
tan ¢ = z
Y2
.
92 = tan ¢
y=y1+ty2
oz x
anf tan¢>
( anf tanqb)
. tan ¢ tan 6
N tanﬁtanqﬁ tan 6 tan ¢
tan 6 tan 6 + tan ¢
tan@tangb



Exercise 2A

20.

21.

x
0 ¢ =
<—y—>|<—y2—>
Y
tanf = —
Y
oz
o tan 6
tan ¢ = z
Y2
R
& tan ¢
Y=Y — Y2
x x
~ tanf tangzﬁ
(tan& tanqS)
B tan ¢ tan 6
N tanftan$  tanftan¢
_ tand)ftanﬁ
B tanHtanqS
O
Yy
x
0
sinf = =
z
oz
~ sinf
tan ¢ = ¥
z
y=ztan¢
x
- (sinﬂ)tan¢
_ ztang
~ sinf
O

13

22.

z
cos ¢ = —
x

T

Cos ¢

cosf = L
z

y = zcosf
= (z cos @) cosl

= x cos ¢cost

23. (a)

Yy = zsin ¢

= (Gp)

rsin ¢

sin 6

Y
tan¢ = —
x
tan ¢
cosf =2
z
y = zcosf
=(— 0
(tanz,b) cos
__ xcosl
© tan¢



Exercise 2B

Exercise 2B

1. (a) AM= %AC (d) AG = VAC? 4+ GC?
1m = /622 + 382 + 352
= -V AB° +BC
2 = 80.7mm
— 9V 5.22 +5.22 (e) The angle between the plane FADG and the
— 3.68cm base ABCD is equal to ZGDC = 29.4°.
EM (f) The angle between skew lines DB and HE
(b) tan ZEAM = AM is equal to ZADB.
AB
ZEAM = tan™! % tan ZADB = 75
- 6.3 /ADB = tan~! %
3.68 62
= ° =1 -1=
59.7 an = o2
(c) ZDEM = ZAEM = 58.5°
=180 -90 — ZEAM

3. The key to this problem and others like it is

. a clear diagram that captures the information
=303 given.

=90 - 59.7

F
(d) Let F be the midpoint of AB. The angle be-
tween the face EAB and the base ABCD is C
/EFM. X B
FM = -AB 120mm
2 30mm L
= 2.6cm A 100mm B
EM
tan /ZEFM = ——
o FM (a) BF? =BE?+ EF’
Z/EFM = tan™! % = (AB® + AE?) + EF”
6.3 = 100% + 30* + 1202
=tan = —;
2.6 BF = v25300
pl il = 159mm
. DF
2. (a) tanZGDC = g—g (b) sin ZFBD = g
ac _ 30
/GDC = tan™' — 159
.35 /FBD =sin™' —
= tan 52 159
o =10.9°
GC 186
b) tan ZGBC = — . o=
(b) tan ZGBC BC 4. (a) tan50 AC
GC 186
ZGBC = tan™" — AC =
M BC tan 50°
_1 35 = 156cm
—tan ! —
N 58 186
=42.6° b) tan24° = ——
(b) tan N:
GC 186
(¢) tan ZGAC AC tan 24°
/GAC = tan™? ae = 418em
. BC = v/AB? + AC?
= t [ —
o V622 4 382 = /1562 + 4182
=25.7° = 446cm

14



Exercise 2B

(©)

5. (a)

(b)

AB
/ACB = —
tan ZAC AC
/ACB = tan~! 212
156
= 69.5°

ADCA = ADBA (SAS) so
/DCA = /DBA and
/DBA = 50°

DA

/ZDBA = —
AB

DA

~ tan ZDBA
7.4

~ tan50°
= 6.2cm

AB

There are a couple of ways this could be
done. Since we now know all three sides of
triangle ABC we could use the cosine rule
to find ZACB. Alternatively, since we have
an isosceles triangle, we can divide it in half
to create a right triangle, like this:

C

4.6cm

B
2.3
/ACB = —
cos ZAC 63
2.3
ZACB = cos™! ==
C cos 65
= 68°
H 1 G
[}
:
I
E ! F
I
I
:
I
e
D C
A 6cm B

(a) BI = VBF?4FI?

— V/BF? + FG2 + GI2

= V62 + 62 + 32

=9

15

BF
b /IBF = —
(b) cos i
_6
9
2
3
2
/IBF = cos™! 3
= 48°

(c) The angle between AIAB and the base

ABCD is the same as the angle between
rectangle ABGH and the base ABCD (since
the triangle and the rectangle are coplanar).
This is the same as ZGBC: 45°.

A 80mm
CE
tan ZEBC = —
(a) tan BO
30
/EBC = tan™! =
an 20
= 31°
CE
b) tan ZEGC = —
30
/EBC = tan™! ——
V402 + 502
= 25°
CE
tan ZEAC = —
(¢) tan C AC
30
Z/EBC = tan™! ———
V802 + 502
=18°
W A%
, :
I
I
I
I
: |
T | U ;
/’)_S_____-;_____-'T;____ R
// - . Q
2.3cm A N
s \300 .
I Q
U VR
(a) tan30° = g—Q tan 20° = OR
2.3 2.3
PQ = tan 30° QR = tan 20°
= 3.98cm = 6.32cm
Volume = 2.3 x 3.98 x 6.32
= 57.9cm?




Exercise 2B

() PV = /PQ? + QR? + RV?
= \/3.982 4 6.322 + 2.32

= 7.8cm
Uw
tan ZUSW = ——
(¢) tanZUS SW
JUSW — tan-" V3.982 4 6.322
B 2.3
=73°

9. The angle between plane VAB and plane ABC
is equal to the angle between lines that are both
perpendicular to AB. Consider point D the mid-
point of AB such that VD and VC are both per-
pendicular to AB.

A%
g -
. Z - B
1?«:'\’/%
e  |—
A 40mm C
DC
450 — Y
sin 45 AC
DC = 40sin45°
= 28.28mm
VC
tan ZVDC = —
an DC
30
ZVDC = tan™" ——
VDO =tan ™ 508
= 47°

10.

11.

Airfield

750

“= tan 17°
= 2453m
750
"~ tan 30°
= 4253m

d=+a?+12
= 4910m

~ Hkm

120m

12.

120

a =
tan 20°
= 330m
120
"~ tan 30°
= 681m

d=+b?—a2
= 595m
595

Speed = 22
PEEE= 0

= 59.5m/min

= 59.5 x 60m/hr
= 3572m/hr

= 3.6km/hr

16



Exercise 2C

13.

= 40tan 23°

h
2

h = 33.96m

h
/ABD = tan~! —
an 40

= 40°

(b) ZACD = tan™! 7%
= 26°

Exercise 2C

1. (a) ? =a*+b* —2abcos C
10.22 = 22 +6.92 — 2 x z X 6.9 x cos 50°

r=—4.29 or x = 13.16

Reject the negative solution and round to

1d.p.: = 13.2cm.

sinA sinC
(b) =
a c
sin A — asinC
c
A — sin- asinC
- c
. _1 6.9sin50°
=sin” ————
10.2
=31.2°

or A=180—31.2

=148.8
Reject the obtuse solution since it results in
an internal angle sum greater than 180°.

17

14. BD =h
h
AB =
sin 28°
AB
535° = —
cos AC
AB
AC =
cos 35°
h
_ sin 28°
cos 35°
B h
" sin 28° cos 35°
sinf = i
T AC
B ﬁ o sin 28° cos 35°
1 h
= sin 28° cos 35°
0 = sin™* (sin 28° cos 35°)
= 23°
B=180—-A-C
=180 —-50—-31.2
B o T ~10.2
N sin 98.8 sin 50
_10.25in98.8
o sin 50
=13.2cm
sinz _ sin50°
11.2 12.1
. _1 11.2sin50
r=sn"" ———
12.1
= 45°

No need to consider the obtuse solution since the
opposite side is not the longest in the triangle (z
must be less than 50°).

3. 22 =6.82+14.32 — 2 x 6.8 x 14.3 X cos 20°

2= 1/6.82 +14.32 — 2 x 6.8 x 14.3 x cos 20°
= 8.2cm




Exercise 2C

4. 19.77 =982 +14.32 —2x 9.8 x 14.3 X cosx
9.82 +14.32 — 19.72

O = T 98 x 143
1 9.8% +14.32 - 19.72
T eos 2% 98 x 14.3
=108°
. T 118
" sin(180 — 105 — 25)  sin 105
B 11.8sin 50
T sin105
= 9.4cm
sinx _ sin 40°
6. 72 48
. _q 7.2sin40°
X = SIn T
= 75° orx =180 — 75

= 105°

7. ? =a?+b%2—2abcosC
11.82 = 22 4+ 8.72 — 2 x x x 8.7 x cos 80°
r = 9.6

(rejecting the negative solution)

8. The smallest angle is opposite the shortest side,

SO
27% = 33% 4+ 552 — 2 x 33 x 55 x cos 0
332 4552 — 272
f=cos ————
2 x 33 x 55
=21°
B
9. a*=b>+c*—2bccos A r 9-1em
9.12 =7.3% + 2% — 2 x 7.3z cos 72°
x =31 A 7.3cm
(rejecting the negative solution)
AB=8.1cm
B
0. 12.4cm ‘
A 14.3cm C

a® =b% 4+ — 2bccos A

a=1+/12.42 +14.32 — 2 x 12.4 x 14.3 cos43°
a = 9.9cm
sin C' _ sin 43°
124 a
12.4sin43°
C=sin"! 222
Sin 99

58°
(Cannot be obtuse because ¢ is not the longest
side.)
B =180—-43-58
=79°

18

H
11. 19.4cm 18.2cm
G I
sin/  sin55°
19.4 182
19.4 sin 55°
w1
['=sin 18.2
= 61° or 119°
H =180 —55—61 or 180 —55—119
= 64° =6°
h g
sinH  sinG
gsin H
h="——
sin G
~ 18.25in64° 18.2sin 6°
~ ginbbe sin 55°
= 20.0cm =2.3cm
12.
ZALB =100 — 30
=70°
AB = \/15.22 +12.12 — 2 x 15.2 x 12.1 cos 70°
= 15.9km
13.

ZPQL =150 — 130

=20°

ZPLQ =130-170
= 60°

ZLPQ =180 — 20 — 60
= 100°
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LQ B LP
sin /ZLPQ  sin ZPQL
LPsin ZLPQ
Q= ————
Q sin ZPQL
~ 7.3sin100°
~ sin20°

= 21.0km

14.
/ZHBT =90 — 30
= 60°
/BTH = 180 — 60 — 52
= 68°
ho 25
sin52°  sin 68°
_ 25sin 52°
" sin68°
=21m
T
40m
15. A

40
AB
40
"~ tan20°
= 109.9m
40
AC
40
" tan12°
= 188.2m
/BAC =30+18
= 48°

BC? = AB? + AC? — 2AB x AC cos ZBAC

tan 20° =

tan 12° =

BC = 1/109.92 + 188.22 — 2 x 109.9 x 188.2 cos 48°
= 141m

19

D
_ 7]
// 4
// 7
-7,
-7 4
-7 4
-~ /
].6 //’/ /’
_ ,
P e
P /
200 ~35°
A -2 B,
< 40m > C

ZADB =35-20

=15°
BD 40
sin20°  sin 15°
BD — 40.sin 20°
sin 15°
= 52.9m
. DC
sin /ZDBC = D
DC = BDsin Z/DBC
= 52.9sin 35
= 30m

17. There are a couple of ways you could approach
this problem. You could use the cosine rule to
determine an angle, then use the formula Area=
%ab sin C'. Alternatively you could use Heron’s
formula:

A=/s(s—a)(s—b)(s—c)

where s = and determine the area without
resort to trigonometry at all. T’ll use trigonom-
etry for the first block, and Heron’s formula for
the second.

First block—TI’ll start by finding the largest angle:

a+b+tc
2

0 — cos— 252 4 482 — 532
N 2 x 25 x 48
=87.1°

1
Area = iab sin 6

= % x 25 x 48 sin 87.1
= 599.2m?

Second block:

oo 33+ 38445
- 2
=58
Area = 1/58(58 — 33)(58 — 38)(58 — 45)
= 614.0m?

The second block is larger by 15m?.
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~
37m \\ AN

18.

BC? = AB? + AC? — 2 x AB x AC cos 30°

BC = /121.02 + 174.02 — 2 x 121.0 x 174.0 cos 30°
= 92.0m

19.

/BCD = 180 — 100

= 80°
(b) BD? = 6.1 +7.22 =2 x 6.1 x 7.2 cos 100°
=104.3
BD = 10.2cm
sin ZADB sin 100°
72 102
JADB — a1 728 100°
10.2
= 44.0°
sin /CDB  sin80°
82 102
. _1 8.2sin100°
ZCDB = sin 02
= 52.3°
ZADC = 44.0 + 52.3
= 96°

20

BD? = BC? + CD? — 2 x BC x CD cos 80°
104.3 = 8.2 + CD? — 2 x 8.2 x CD cos 80°

()

CD = 7.7cm
P=72+82+77+6.1
= 29.2cm

1
(d) Apapp = 5 6.1 x 7.2 x sin 100°
= 21.6cm?

1
AACBD = 5 X 8.2 x 7.7 x sin 80°

= 31.1cm?
Aapep =21.6+31.1
= 52.7cm?

20.

(a) 22 =10%+12% —2 x 10 x 12cos @
=100 + 144 — 240 cos 0
= 244 — 240 cos 6

(b) 2% =142+ 9% =2 x 14 x 9cos ¢
= 196 4 81 — 252 cos ¢
= 277 — 252 cos ¢

(c) ¢ =180° — 46
cos ¢ = cos(180° — 0)
= —cosf
244 — 240 cos ) = 277 — 252 cos ¢
= 277 4 252 cos 0
—240cos 6 = 33 + 252 cosf
—492 cos ) = 33
33
cosf = ~192
0 = 94°
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Exercise 2D

Questions 1-15 are single step problems.

No

worked solutions necessary.
Note: My exact values are given With rational de-

nominators. I write

f rather than 7 Your answers

may appear different w1thout being wrong.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.
30.
31.
32.

33.

120° makes an angle of 60° with the z-axis
and is in quadrant II (Where sine is positive) so

sin 120° = sin 60° =

\%

135° makes an angle of 45° with the z-axis and
is in quadrant II (where cosine is negative) so
cos 135° = — cos45° = —g.
150° makes an angle of 30° with the z-axis and
is in quadrant II (where cosine is negative) so
cos 150° = — cos 30° = — 3

3 -

120° makes an angle of 60° with the z-axis and
is in quadrant II (where cosine is negative) so
cos 120° = — cos 60° = —%.

180° makes an angle of 0° with the z-axis and is
on the negative x-axis (where cosine is negative)
so cos 180° = —cos0° = —1.

135° makes an angle of 45° with the z-axis and
is in quadrant IT (where tangent is negative) so
tan 135° = —tan45° = —1.

120° makes an angle of 60° with the z-axis and

is in quadrant II (where tangent is negative) so
tan 120° = — tan 60° = —/3.

150° makes an angle of 30° with the z-axis and
is in quadrant II (where tangent is negative) so

tan 150° = — tan 30° = 4.

180° lies on the negative z-axis (where tangent
is zero) so tan 180° = 0.

180° lies on the negative x-axis (where sine is
zero) so sin 180° = 0.

150° makes an angle of 30° with the z-axis
and is in quadrant H (where sine is positive) so
sin 150° = sin 30° = 5

135° makes an angle of 45° with the z-axis
and is in quadrant IT (Where sine is positive) so
sin 135° = sin45° =

\/%:\/W:x/i\/ﬁzm/g
VA5 = VI x5 =v9V5=3V5
V32 =116 x 2 = V16v2 = 42
V72 =136 x2=36v2 =6v2
V50 = V25 x 2 = v/25v/2 = 52
V200 = /100 x 2 = v100v/2 = 10v2

\S

21

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

o1.

52.

93.

o4.

55.

56.

o7.

V2xV3=v2x3=16
VExV3=15x3=115

VEx V5= (V5)? =5

V15 x V3= V15 x3=V0x5=v9V/5=3V5
V8 x V6 =18x6=116x3=V16V3 =43
3vV2 x 4v/2 =12/2V/2 =12(v/2)2 =12 x 2 =24

(5v/2)(3v/8) = 15v/2v8 = 15y/2 x 8 = 1516 =
15 x 4 =60

(6v/3)(vV12) = 64/3 x 12 = 6/36 = 6 x 6 = 36
(3v5)(7v/2) = 21/5 x 2 = 21/10

(5v2) + (V8) = 5v2 + VA X 2 =52+ (2V/2) =
5+2=25
(5v3)2 =52 x (vV3)2=25x3=175
(3v2)2 =32 x (vV2)2=9x2=18
11 V2 _ V2
V2 V2 T V2 2
1 _ 1 V3 _ V3
V3 V3T VB 3
1 _ 1 V5 _ 5
NV RV 5
B 3 V2 _ 3V2
V2T ov2 T ve T2
2 2 VT _ 27
VTTOOVT VT T
6 _ 6 V3 _ 6V3 _
VRV Ry Al M
1 _ 1 3=v5 _3-v5 _ 3-V5
3+v5  3+v5 T 3-v5 9-5 4
1 Lo 34V2 _ 34V2 _ 342
5v2 3.2 N3iv2 o 92 7
L _ 1 3=v2_3-v2_ 3-V2
3+v2 T 3+v2 T 3—v2 T 9-2 T 7
ﬁ,f_z(f f) _
VEvE = VErvE X VivE = 2v3
22
V3+V2 _ 3(V3+V2)
Vi = VR X Vses = ar o =Vt
3v2
6 _ w ¥5=vZ _ 8(V5-v2) _
i T Vi X Avs = 52 =
G(xff —2V5—2/2
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58. sin60° = 2
X
V3 _9
2
V3z =18
18
r=—=
V3
_18 ¥
V3 V3
18V
3
—=6v3
59. x? +32 =77
22 4+9=49
2 =40
=40
=4 x 10
=V4x 10
=2V10
60. Label the vertical in the diagram as y, then
. o Yy
45° = =
Sin 10
V2 _y
2 10
Yy = 5V2
sin60° = =
Yy
V3 _ @
2 5/2
5v/2 V3
T=—X —
1 2
_5V3V2
2
G
2

61. Use the cosine rule:

2% =42 + (2V3)% — 2 x 4 x 2V/3 x cos 150°
=16+ 2% x (V/3)? — 16V/3 x (— cos 30°)

=16+4x3—16V3 x (-?)

— 16412+ 716‘/35 V3

=28 +8x 3
=52

x =52
=V4x13
=2V13

22

62. Label the diagonal in the diagram as y, then

y 10
sin60°  sin45°
10 sin 60°
~ sin4b°
=10 x @ = 1
2 V2
53 V2
1 1
=5v3v2

=5V6

tan 30° = z
Yy

x = ytan 30°

1
:5\/(73><%

_5V3v2

V3
=5V2

63.

cos30° = £
a
V3 oz
2 a
V3a =2z
_2x
TV
D e O
sm60=6
V3
2 b
V3b=2a
2x
_2><\/g
_433
V3
e 1
VERRRVE
_4ac
3



Exercise 2E

y b
sinf ~ sin45°

y = b X sinf + sin45°

1
=bsinf +~ —

V2
=bsinf x —2
1
= /2bsin 6
4
=2 x g X sin 6

B 44/2xsin 0

64.

w? = 4% 4 (2v/2)?
=164+4x2
=24

w =24
=v4x6
=2V6

Exercise 2E

1. 43 —-19=24°

24
=_—x2
d 360 X 2w X 6350

= 2660km

2. 32-21=11°

11
d:%x27r><6350

= 1219km

3. 39— (—32)=T71°

1
d:%x%rxﬁ%()

= 7869km

23

T w

sinf  sin60°
wsin 6

sin 60°
2/6sin 6
V3

2
2v/6sinf 2
= « %
44/3v/2sin 0
V3
= 4v2sin6
y x
sin45°  sin¢
x sin 45°
v= sin ¢

- sing

B 44/2sin 6 x %
sin ¢

_ 4sind

~ sing

4. 51.5—5=46.5°
46.5
=—x2
d 360 x 21 X 6350

= 5154km

5. 41 -4 =37°

37
d—%x27X6350

= 4101km

6. 134 —114 = 20°

20 o
d= 360 X 21 X 6350 cos 25

= 2009km



Exercise 2E

7. 119 — 77 = 42°
d= 42 X 27 x 6350 39°
= 360 s cos
= 3617km
8. 105 —75=30°
d= % x 27 % 6350 cos 40°
= 2547km
9. 122 —117=5°

d= i x 21 % 6350 cos 34°

360
= 459km
10. 175 — (—73) = 248°
Longitude difference is greater than 180° so it is
shorter to go the other way and cross the date
line.
360 — 248 = 112°
112
d= 360 x 27 x 6350 cos 40°
= 9509km
11. i = 7555
360 27 x 6350
555
= 2r <6350 < °0
= 50
latitude =29+ 5
= 34°S
Augusta: 34°S, 115°E
12 v 3300
' 360 27 x 6350 cos 34°
3300
= 2r x 6350 cos 30 < 0
= 36°
longitude = 115 + 36
= 151°E
Sydney: 34°S, 151°E
13. 0 _ 7870
360 27 x 6350
7870
= 2r 6350 <%
=T71°
latitude = 71 — 36
= 35°S
Adelaide: 35°S, 138°E
14 0 9600
' 360 27 x 6350 cos 35°
9600
= 2r x 6350008350 < O
= 106°
longitude = 135 + 106
= 241°E
=360 — 241
=119°W

Bakersfield: 35°N, 119°W

24

15. i = 820
360 27 x 6350 cos 35°
820
= 27 x 6350 cos 350 < 200
=9°
longitude = 135 — 9
= 126°W
Q 2000
360 27 x 6350
2000
= 2 x 6350 < 00
=18°
latitude = 35 + 18
= 53°S
New position: 53°S, 126°W
If the ship first heads south, the new latitude re-
mains 53°S.
0 820
360 27 x 6350 cos 53°
820
= 27 x 6350 cos53e < 200
=12°
longitude = 135 — 12
= 123°W
New position: 53°S, 123°W
16. First find the length of the chord LS from Los

Angeles to Shimoneski through the earth using
the angle subtended at the middle of the latitude
circle:

r = 6350 cos 34°

— 5264km
0 = 360 — (131 + 118)
=111°
6  05LS
T T

0.5LS = 5264 sin 55.5°
LS = 2 x 5264 sin 55.5°
= 8677km
Now consider the angle that same chord sub-
tends at the centre of the earth (i.e. the centre of

the great circle passing through the two points).
Let’s call this angle a.

o 0.5LS
WY T TR
0.5 x 8677
6350
« o
5= 43
a = 86°

Now use this angle to determine the arc length
along this great circle:

6
= — 2
360 X 21 X 6350

= 9553km

d



Miscellaneous Exercise 2

Miscellaneous Exercise 2

1. See the answer in Sadler.

15
2. tan 20° = —
(a) tan20 IG

_ 15
" tan20°
=41.2m

1
(b) tan30° é

15
"~ tan 30°
= 26.0m

(¢c) BC? = AC? 4+ AB?

BC = v/41.22 + 26.02

= 48.7Tm
AC
d) tan ZABC = —
(d) tan C NG
41.2
ZABC =tan™' —= =58°
C =tan 26.0 58
bearing = 270 4 58
= 328°

AB = v/6.22 + 10.82 — 2 x 6.2 x 10.8 x cos 60°

= 9.4km

sin ZLBA __sin 60°

6.2 94
JLBA — sin-1 6.2 sin 60°
9.4
= 35°
bearing = (100 + 180) + 35
= 315°

4. Let [ be the length of the ladder.

cos75° = %
a

cos 75°
5a

4

l:

5a 1
= — X —

4 l

5a  cos75°
= — X

4 a
_ 5cos 75°
4

25

_1 Dcos 75

0=
COS 1

=71°

3—6 3—v6 5-—2V6

5126 5126 5-2v6
(3—+v6)(5 —2V6)
(54 2V6)(5 — 2v/6)
15 — 616 — 5v/6 4 12

25 — 24
_27-11V6

B 1
=27-11V6

(a) Read the question as “distance from 3 is less
than distance from —11”. The midpoint be-
tween —11 and 3 is —4, so the solution is
x> —4.

(b) Read the question as “distance from 0 is less
than distance from 6”. The midpoint be-
tween 0 and 6 is 3, so the solution is x < 3.

(c) First solve the equation |3z — 17| = |z — 3|

3x—17T=2—-3 or 3z—17=—(zx—3)

2x =14 3r—17T=—x+3
r=717 4 = 20
r=25

Now test a value for x, say x = 6, to deter-
mine whether the inequality holds at that
point.
Is it true that  |3(6) — 17| > |(6) — 3|
1#3 :mo.

Conclude that the solution lies outside the
interval 5-7:

{reR:z2<b5}U{zeR:xz>T}

(d) This is the complementary case to the pre-
vious question, so it will have the comple-
mentary solution:

{reR:5<e<T}

y = |2z — al

e




Miscellaneous Exercise 2

From the graph it appears that |2z — a| < |z — a|
istruefor 0 <z < %“ (You should confirm that
these are the interval endpoints by substitution.)

8. (a) AH = VAG?+ GH?

12-6)\2
(%)

=5m

EH = VAE? — AH?
A /82 _ 52

= v/39m
~ 6.2m
AH
(¢) cosZEAH = B
5
T8
/EAH = 51°
EH
(d) tan ZEGH = CH
6.2
T3
/EGH = 64°
EH
(e) tanf = B
6.2
-4
6 =57°
0 440
9 360 27 x 6350 cos 37°
440
= 27 x 6350 cos 37 200
= 5°
longitude = 126 + 5
= 131°E
a 330
360 27 x 6350
330
= 9r 6350 < o0
=3°
latitude = 37 — 3
= 34°S

New position: 34°S, 131°W

10. For the triangle to have an obtuse angle, the

longest side must be longer than the hypotenuse
if it were right-angled, i.e. ¢ > a? + b2. This
yields two possibilities.

If x is the longest side, then
z? > 5% + 97
x> V106

26

Since it must also satisfy the triangle inequality =
must be less than the sum of the other two sides.
The solution in this case is v106 < = < 14.

If x is not the longest side, then

9% > 5% + 2

T < Vo6

r<2v14
Since it must also satisfy the triangle inequality
x must be greater than the difference between

the other two sides. The solution in this case is
4 <x<2v14.

11.

(a) y = —f(z) represents a reflection in the z-
axis.

y = f(—x) represents a reflection in the y-
axis.

y = |f(x)| signifies that any part of f(x) that
falls below the z-axis will be reflected to in-
stead lie :’;}gbove the axis.

y = f(|x|) signifies that any part of f(x) that
falls left of the y-axis will be discarded and
replaced with a mirror image of the part of
the functizn that lies to the right of the axis.




CHAPTER 3

Chapter 3

Exercise 3A

1. (a) ZABN =180 — 50
= 130°
ZABC = 360 — 90 — 130
= 140°

AC = 1/5.82 + 6.42 — 2 x 5.8 x 6.4 cos 140°

= 11.5km
sin ZBAC _sin 140°
6.4 115
6.4 sin 140°
/BAC =sin™! ———
C =sin 11.5
=921°
50 4+ 21 = 71°

C is 11.5km on a bearing of 071° from A.
(b) 71+ 180 = 251°
A has a bearing of 251° from C.
2. (a) Bearing of A from B is 300 — 180 = 120°.
/ZABC =120 -T70
= 50°

AC = 1/4.92 +7.22 — 2 x 4.9 x 7.2 cos 50°
= 5.5km

We'll initially find ZBCA rather than

/BAC because the sine rule is ambiguous

for ZBAC but ZBCA can not be obtuse (be-
cause it is opposite a smaller side).

sin /ZBCA  sin50°
49 55
. _; 4.9sin50°
/BCA = sin™* —r
=43°
/BAC = 180 — 50 — 43
= 87°
300 + 87 = 387

387 — 360 = 027°
C is 8.5km on a bearing of 027° from A.
(b) 27+ 180 = 207°
A has a bearing of 207° from C.

3. (a) Bearing of A from B is 40 + 180 = 220°.
Bearing of C from B is 360 — 100 = 260°.
ZABC = 260 — 220

= 40°

AC = /732 + 512 — 2 x 73 x 51 cos 40°

= 47km
We'll initially find ZBCA rather than
/BAC because the sine rule is ambiguous

for ZBAC but ZBCA can not be obtuse (be-
cause it is opposite a smaller side).

27

sin /ZBCA _ sin40°

51 47
. _; 5lsin40°
/BCA = sin~* —
= 44°
/BAC =180 — 40 — 44
= 96°
40 — 96 = —56

—56 + 360 = 304°
C is 47km on a bearing of 304° from A.

(b) 304 — 180 = 124°
A has a bearing of 124° from C.

B
Scale=1:20000

(b) Bearing of A from C is 89 + 180 = 269°

B
Scale=1:2000

(b) Bearing of A from C is 46 + 180 = 226°



Exercise 3A

%

B
Scale=1:1000
Bearing of C from A is 360 — 125 = 235°.

(b) Bearing of A from C is 215 — 180 = 055°

6.4km

ZABC =110 -10
= 100°

AC =1/5.22 +6.42 — 2 x 5.2 x 6.4 cos 100°
= 8.9km

sin /BAC _ sin 100°

64 89
6.4 sin 100°
/BAC =sin ! ————
St 8.9
= 45°
190 — 45 = 145°

___’Z

132°

2.6km 4.3km

A C
ZABC =180 — 132
= 48°

AC = 1/2.62 + 4.32 — 2 x 2.6 x 4.3 cos 48°
= 3.2km

We'll initially find ZBCA rather than ZBAC be-
cause the sine rule is ambiguous for ZBAC but
ZBCA can not be obtuse (because it is opposite

a smaller side).

sin /ZBCA  sin48°

2.6 T 32
2.6 sin 48°
/BCA =sin ! 22—
St 3.2
= 37°
/BCA =180 — 48 — 41
= 05°

Final position is 3.2km on a bearing of 095° from

initial position.

9. d= \/302+202—2 x 30 x 20cos 110
=41m

A
Let § = /ZBAC= /BAC’
400% = 600% 4 500% — 2 x 600 x 500 cos @

cos — 6002 + 5002 — 4002
T 2% 600 x 500
_, 6002 + 5002 — 4002
6 = cos
2 x 600 x 500

=41°

The bearing of the second checkpoint from the
start is either: (30—41)4360 = 349° or 30441 =

Final position is 8.9km on a bearing of 145° from

initial position.

071°.

28



Exercise 3B

11. First, determine the bearing and distance from
tee to pin. The angle at the bend is 180 — (50 —
20) = 150°. Call the bend point B and tee and
pin T and P respectively.

TP = /2802 + 2002 — 2 x 280 x 200 cos 150°

= 464m
sin /BTP _ sin 150°
200 464
200 sin 150°
/BTP — sin-1 20051507
464
=12°

So the pin is 464m from the tee on a bearing of
20 + 12 = 032°. Now consider the result of the
mis-hit:

Exercise 3B

| 70° 4N
|
1. Let m be the magnitude of the re- gN
sultant and 6 the angle. '
m =162 +42 — 2 x 6 x 4cos 110°
=83
sinf  sin110°
4 83
4sin 110°
§ =sin"t ———
sin 53
=27°
N
|
2. Let m be the magnitude of the re- 10N
sultant and 6 the angle. ‘
m = /102 + 82 — 2 x 10 x 8 cos 130°

=16.3

sin 6 __sin 130°

6  16.3
6 sin 130°
0 =sin" ! ———
St 16.3
= 292°

29

. Let m be the magnitude of the ¢

B'P = /2502 + 4642 — 2 x 250 x 464 cos 32
= 286m
We now need to find obtuse angle TB’P:
sin /TB’P  sin32°
464 286
/TB’P = 180 — sin

_, 464in32°
286
= 180 — 60°

Hence the pin P is 286m from B’ on a bearing of
060°.

. Let m be the magnitude of the re- ¢

sultant and 6 the angle.

m = /202 + 202
=28.3
0=0

resultant and 6 the angle. 0

m = /142 + 20?
=244
14
t —0)=—
an(60 — 6) 50
60—-6 =35

0 = 25°




Exercise 3B

A
~120°
5. Let m be the magnitude of
the resultant and 6 the angle. 5N 10N
8. Let m be the magnitude of
the resultant and 6 as shown.
m=/52+102 — 2 x 5 x 10 cos 60°

1
:\/25—|—100—100><2

=V75
=5V3 m = /8% + 102 — 2 x 8 x 10 cos 80°
6 = 090° =11.7N
sinf  sin80
(We recognise it as a right angle triangle from 0 = 117
our knowledge of exact trig ratios.) . ;1 10 sin 80
f=sin"" ———
A 11.7
10N _58°
° bearing = 100 + 58°
6. Let m be the magnitude of 120 cans O+
the resultant and 6 as shown. 12N = 158
R=43N

m = /122 + 102 — 2 x 12 x 10 cos 60°

9. QD
1 F=19N
= 144+100—240><§
=124 -~
=231 magnitude = v/ R2 + F?
sin9 _ Sil’l 60 _ 432 + 192
v 3112 in 60 =4
6 = sin~! i R
231 tanf = o
= 69° R
6 =tan"! =
an~
_ 143
Bearing=90 + 69 = 159° =t
= 66°
0 R=88N
I
7. Let m be the magnitude of :400
the resultant and 6 as shown. | 10. A
\ ' F=19N
6N
-
— 2 152 -2 1 o
m 1261N+ 5 X 6 x 15 cos 50 magnitude _ \/W
T _ /]2 2
sin(¢)  sin50 = Veg 419
6 121 = 90N
6sin 50 R
o1 I
¢ = sin 21 tanf = [
fr— ° R
22 0 =tan ' =
6 =180 — 90 — 50 — 22° E
=018° =tan~! 88
N 19
= 78°

30



Exercise 3C

R=35N
11.
F=15N « ‘
N
magnitude = \/ R2 + F2
= /352 + 152
= 38N
R
tanf = —
an 7
R
6 =tan ' =
an” o
135
=tan =~ —
15
=67°

Exercise 3C

1. m = /22 442
=4.5m/s
tanf = -
an 5
0 =63°

2. The angle formed where the vectors meet head
to tail is 90 — 25 = 65°.

m=1/22+42 — 2 x 4 x 2cos 65

= 3.6m/s
sin 6 _ sin65°
4 36
4 sin 65°
0 =sin"t ———
sin 56
= 85°

31

12.
m=/82+122 — 2 x 8 x 12cos 50°
=9.2N
sinf  sin50°
8 92
0 — sin-! 8sin 50°
9.2
= 42°
m
13.
15N
45°
)\ ()
10N

m =1/102 + 152 — 2 x 10 x 15 cos 135°

= 23.2N
sin 0 _sin 135°
15 = 23.2
15 sin 135°
O =gin ! 27
St 232
= 27°

3. The angle formed where the vectors meet head
to tail is 180 — 50 = 130°.

m=/22+42 — 2 x 4 x 2cos 130

= 5.5m/s
sinf  sin130°
4 55
0 — sin-1 4 sin 130°
5.9
= 34°
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ZABC =180 — 30 — 100

= 50°
AC = 1/202 + 122 — 2 x 20 x 12 cos 50°
= 15.3km/h
sin(f 4 30°)  sin50°
12 15.3
12'sin 50°
430 =sin"" —————
* S TR
= 37°
g ="1°

The boat travels on a bearing of 353° 15.3km in
one hour.

5. Wind blowing from 330° is blowing toward 330 —
180 = 150°.

50km/h

a0

BV

24km/h

C

AC = /502 + 242 — 2 x 50 x 24 cos 150°

— 71.8km/h
sin(180° — 0) _ sin150°

24 718

24 sin 150°
180 — § — sin~! 2200
St 718
—10°
0 = 170°

The bird travels on a bearing of 170° at
71.8km/h.

32

To travel due south:

ZACB = 180 — 150

=30°
sin(180° — )  sin 30°
24 50
24 sin 30°
180 — 0 = sin™'
sin 50
=14°
6 = 166°
6. h =3 x 60
(&) * 1m/s
= 180m y
(b) s=1/32+ 12 o
=v1
Om/s 3m /s
~3.2m/s
3
tanf = —
(¢) tan 1
0 ="72°
7. The angle can be determined r -
using cosine. If r is the speed '
of the river current and 6 is 10km /b o

the angle with the bank, then

cosf = {5.
The speed of the boat’s movement across the
river (s) can be determined using Pythagoras:

s =102 —r2,

Then the time taken to cross the river is

. 2
t= % x 3600 = ﬁ seconds.
s s

4
— -1 =
(a) 0= cos = (b) 6 = cos 10
= 73° = 667
s=1/102 — 32 s =102 — 42
— 9.5km/h = 9.2km/h
288
t = @ t=—
9-5 9.2
=305 =3ls
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(¢) @ =cos™* kil

10
= 53°
s =1/102 — 62
= 8km/h
288
t=—
8
=36s
98 28km/h
. sinf = — i
T} ‘
0 =4° 400km /h
The plane should set a head-
ing of N4°W or 356°T.
9 sinf  sin70° 28km/h
" 28 300 o
. _1 28sin70°
9 = Sin W
e 9 /300km /h
The plane should set a head- ’
ing of N5°E or 005°T.
N ~
™~
A N
100°5 &

10.
350km/h

A
ZACB = 360 — 100 — 140
= 120°
sin 6 _ sin 120°
56 350
0 — sin-? 56 sin 120
350
=8°

The plane should fly on a bearing of 048°.

/ABC =180 — 120 — 8
=52°
AC 350
sin52°  sin 120°
_ 350sin52°
© sin120°
= 319km/h

Time required for the flight:

500

t=_——
319

x 60 = 94 minutes

For the return flight:

33

ZACB = 140 — 80

= 60°
sinf  sin60°
56 350

. _1 96sin60°
inmTt ———

0=s 350

:80

The plane should fly on a bearing of 180 + (40 —
8) = 212°.

ZABC =180 —-60—38

=112°
AC 350
sin112°  sin 60°
350 sin 112°
AC="""_"
sin 60°
= 374km/h

Time required for the return flight:

500 .
t= 371 x 60 = 80 minutes
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2m/s B

11.

/B =180 — 30
= 150°
sin /A sin150°
2 6
JA — sin-! 2sin 150°
6
=9.6°
/FE =180 — 150 — 9.6
= 20.4°
AB 6
sin20.4°  sin 150°
_ 6sin20.4
~ sin150°
=4.2m/s
taB = 30
4.2
=19.12s
2m/s ¢

500 ----
b /30o
ZC =50-30
= 20°
sin/B  sin20°
2 6
JB — sin— 2sin 20°
6
=6.5°
/ZF =180 —-20—6.5
= 153.5°
BC 6
sin 153.5°  sin20°
6sin 153.5
BC= =0
= 7.8m/s
tpc = 1o
7.8
= 14.03s

34

2m/s
sin ZC'  sin 60°
2 6
JC — sin~! 2sin 60
6
=16.8°
/G =180 — 60 — 16.8
=103.2°
BC 6
sin103.2°  sin60°
BC — 681.11 103.2
sin 60°
=6.7Tm/s

Perpendicular width of river:

wap = 80sin 30°
= 40m
wpc = 110sin 20°
= 37.6m
w =40 + 37.6
= T77.6m
77.6
sin 60°
= 89.6m

Total time:

t=19.12 + 14.03 + 13.29
~ 46s
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Exercise 3D

No working is needed for questions 1-7. Refer to
the answers in Sadler.

b (4 units)
N
30°%

a+b

—b (4 units)

(a) 6+ 30=180—70

0 = 80°
la+b| = /52 + 42 — 2 x 5 x 4 cos 80°
= 5.8 units
sin o sin 80°
4 58
. _q 4sin80°
o = S1n 58
= 42°
70 — o = 28°

(b) 180 —6 =180 — 80

= 100°
l]a—b| = /52 +42 — 2 x 5 x 4 cos 100°
= 6.9 units
sin@  sin 100°
4 69
4 sin 100°
— w1
f =sin 6.9
= 35°
70 + 8 = 105°

-2f (60 units)
2e (80 units)

f (30 units

35

(a) 0 = 360 — 260 — (180 — 130)
= 50°
2e + £ = /802 + 302 — 2 x 80 x 30 cos 50°
= 65 units
sina  sin50°
30 65
. _1 30sin50°
o = S1n s ee—
65
=21°
130 + a = 151°

(b) 180 — 6 = 180 — 50

=130°
le — 2f| = /402 + 602 — 2 x 40 x 60 cos 130°
= 91 units
sin3  sin130°
60 91
3 = sin~! 60 sin 130°
91
=30°
130 — 3 = 100°
10.
—u (5.4 m/s)
v —u| = /5.42 + 7.82
=9.5m/s
tana = ﬁ
7.8
a=tan"! o4
N 7.8
= 35°
270 — o = 235°
v—u
a =
t
9.5/235°
N 5

= 1.9m/s” on a bearing of 235°
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00 v (121 m/s) [

[e%

N

4
12
3

11.

—u (10.4 m/s)

60 =200 — 90
=110°
|v—u| = /1042 +12.12 — 2 x 10.4 x 12.1 cos 110°
=185m/s
sin «v _ sin 110°
104 185
. _1 10.4sin110°
a=s8n ——
18.5
= 32°
270 — o = 238°
vV—u
a=
t
_ 18.5/238°
N 4

— 4.6m/s” on a bearing of 238°

12. (&) A=p=0
(b) A=p =0
() A\=3=0 p+4=0
A=3
(d) (A—2)a=(5-mb
A—2=0
A=2
() Aa—2b=_pb+5a
Aa—ba=pub+2b
(A=5a=(up+2)b
A—5=0
A=5H
() A+p—4a=(u—3\)b
At pu—4=0
nw=4-X
4— =3\
4 =4\
A=1
w=3A
nw=3
(g) 2a+3b+ ub=2b+ \a
2-XNa=(2-3—u)b

p=—4

S—p=
p=25

pw+2=0
p= =2

pw—3x=0
=3\

2-X=0
A=2

—1-—p=0
p=-1

36

(h)  Xa+ pb+2Ab =5a+4b + pa
A=5—-—pa=(4—pu-—2\b
A=5—-—pu=0
u=A—>5
4—p—22=0
4—(A=5)—21=0
4—-X4+5-2X=0
9-32=0
A=3
w=A—5
w=—2
(i) Aa—b+ pub =4a+ pa—4Xb
A—4—pa=(—4rx+1—pub
A—4—u=0
p=A—4
—4A+1-p=0
—AA+1-(A=-4)=0
—4AA+1-X4+4=0

—5A+5=0
A=1
p=A—4
pw=-3

(j) 2A\a+3ua—pub+2b = Ab+2a
(2A+3u—2)a=(A+pu—2)b
2N +3u—2=0

A+p—2=0
A+ 2u—4=0
n+2=0
w=-2
A+ p—2=0
A—2-2=0
A=14
A P B
13. a Q
0 c C
(a) CB=a
(b) BC=-CB=-a
() AB=c
(d) BA=-AB = —¢
(e) AP = 0.5AB = 0.5¢
(f) 0Q=0C+0Q
=c+ 0.ha
(g) OP = OA + AP
=a+0.5¢
(h) PQ=PB+BQ
=0.5c — 0.5a
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Miscellaneous Exercise 3

A B
a E
18. D
0) cC
— — =
OD =0C+CD
—c+ 2CB
22— = —
:c—|—§(CO+OA+AB)
2
:c—|—§(—c—|—a—|—2c)
2
=c+-(a+c)
*gaJr?c
3
— —
E=0A+ AE
— —
hOD = OA + kAB
2
h(gaJrgc) a+ 2kc
2h
3a+%c:a+2kc
2h h
(?fl)a (Qk:f%)c

Miscellaneous Exercise 3

1. (a) Graphically:

Algebraically:
First solve |22 — 1| = |x — 5]
20 —1=x—-5 or —(2z—1)=x-5
x=—4 —2r+1=x—-5
—3r =—4
T =2

38

2h
= 1=
3
2h
=1
3
2h =3
ho
2
5h
2k— — =0
3
5h
2k = —
3
5h
k="
6
5 3
= — X —
6 2
_3
4

Now test one of the three intervals delim-
ited by these two solutions. Try a value,
say ¢ = O:

Is it true that |5(0) — 1| < [(0) — 5| ?

Yes (1 < 5).

Solution set is

{zreR:—4<x<2}

(b) This is the complementary case to the pre-
vious question, so it has the complementary
solution:

{freR:z<—4}U{zeR:z>2}
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(c¢) Graphically:
Y

Ty
=N W Otoy =3 00 © O

Algebraically:
First solve |z — 10| = 22 + 1
x—10=2z+1or —(r—10)=2z+1

z=-—11 —x+10=2z+1
-3z = -9
z =3
However, x = —11 is not actually a solu-

tion, as you can see by substituting into the
equation, so we are left with two intervals
(either side of z = 3).

Now test one of these intervals delimited by
these two solutions. Try a value, say x = O:
Is it true that |(0) — 10| <2(0)+1 ?

No (10 £ 1).

Solution set is

{reR:z>3}

6 = 369 — 190 — (180 — 60)
= 50°

d= /242 + 442 — 2 x 2.4 x 4.4 cos50°
= 3.4km

39

It’s tempting to find angle a using the sine rule,
but because it’s opposite the longest side of the
triangle, it could be either acute or obtuse: it’s
the ambiguous case. Finding 3 instead is un-
ambiguous. [ can not be obtuse because it is
opposite a shorter side.

sin3  sin50°

24 34
2.4 sin 50°
I |
f=sin 34
=33°
bearing = 190 + (180 — 33)
= 327°
Yy
204
18t y=lx =5+ |z + 5]
16+
AW ly S
12+
80
6l y = |z +5|
\ TN\ y=|z-5 /
20
-10 -8 6 -4 -2 2 4 6 8 10%

|z —5|+|z+5/<ldfor {reR:—7T<2x<T7}

d (12 units)

2d (24 units)

T d (12 units)

In each case below, let 6 be the angle formed
between ¢ and the resultant.

(a) |c+d| =102 4122 — 2 x 10 x 12cos 110°
= 18.1 units

sinf  sin110°

12 18.1
12sin 110°
f=sint —— "
St 181
= 39°
direction = 160 — 39
=121°
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(b) e —d| = /102 4122 — 2 x 10 x 12 cos 70°
= 12.7 units

sinf  sin70°

12 = 127
12in 70°
0 =sin P
St 127
= 62°
direction = 160 + 62
= 2292°

() |e+2d| = /102 4242 — 2 x 10 x 24 cos 110°

= 29.0 units
sinf  sin110°
24 29.0
24 sin 110°
f=gin ! ——
S 29.0
=51°
direction = 160 — 51
= 109°

5. First, rearrange the equation to
| —al+|z+3]=5

and read this as “distance from a plus distance
from —3 is equal to 5”.

o If the distance between a and —3 is greater
than 5 then the equation has no solution.

o If the distance between a and —3 is equal
to 5 then every point between a and —3 is
a solution.

e If the distance between a and —3 is less than
5 then there will be two solutions, one lying
above the interval between —3 and a and
one lying below it.

(a) For exactly two solutions,

la+3| <5
—-5H<a+3<5H
8 <a<?2

(b) For more than two solutions,

la+3|=5
a+3=5 or a+3=-5
a=2 a=—8

6. Let [ be the length of the ladder.

40

oo

F20cm a !

cos 80° = %

a = [ cos 80°
a+20

l
a+20=1cos75°

a = 1lcos(75%) — 20

1cos80° =l cos(75°) — 20
lcos(75°) — L cos 80° = 20
I(cos(75°) — cos80°) = 20

cos 75° =

20
- cos(75°) — cos 80°
= 235cm
a = [ cos 80°
=4lcm
(a) h=k=0
(b) ha+b=kb
ha=kb—Db
=(k-1)b
h=0 k—1=0
k=1
(c) (h—3)a=(k+1)b
h—3=0 k+1=0
h=3 =-1
(d) ha+2a=kb-3a
ha+ 5a = kb
(h +5)a = kb
h+5=0 k=0
h=-5

(e) 3ha+ka+ hb—2kb=a+5b
3ha+ ka—a=5b — hb+ 2kb
(3h+k—1a=(5—h+2k)b

3h+k—-1=0 5—h+2k=0

3h+k=1 h—2k=5
h=1
k=-2
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(Note: the final step in the solution above is
done by solving the simultaneous equations
3h+k =1and h — 2k = 5. You should
be familiar with doing this by elimination
or substitution. (Either would be suitable
here.) You should also know how to do it
on the ClassPad:

In the Main application, select the simulta-
neous equations icon in the 2D tab. Enter
the two equations to the left of the vertical
bar, and the two variables to the right:
afrtie=1
f—-2&=5

o i
Th=1,k=-23}
1]
(f) h(a+b)+k(a—b)=3a+5b
(h+k)a+ (h—k)b=3a+5b
(h+k—-3a=—(h—k—5)b
h+k—-3=0 h—k—-5=0
h+k=3 h—k=5

solving by elimination:

2h =8

h_
4+k=3

k=-1

41

Ci 65m 1D

Let the height of the tree be h. Let A be the
point at the base of the tree and B the point at
the apex.

5 h
tan 28° = A_C
h
¢= tan 28°
5 h
tan20° = E
_h
"~ tan20°

AACD is right-angled at C, so

AD? = AC? + CD?
h? h?
tan2 20° -

1 1
h? — = 65°
<tan2 20°  tan? 28°>

Solving this and discarding the negative root:

h = 32.5m
h

- tan 28°
= 61.0m




CHAPTER 4

Chapter 4

Exercise 4A

1.

3m/s

3.
North
A
I
I
I
I
I
]
10units ™ 142
10.5units
15units

20units

4.

5. a=3i+2j;
b=3i+1j=3i+j;
c = 2i+ 2j;

d=—1i+3j=—i+3j;
e = 0i + 2j = 2j;
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f=-1i+2j=—-i+2j;
g=1i-2j=1i-2j;

h = 4i + 0j = 4i;

k = 2i — 4j;
1=4i—1j=4i-j;

m = —4i — 1j = —4i — j;
n = 9i + 2j;

6. |la| = V32 +22 = /13;
Ib| = V32 + 12 = V/10;
le| = V22 +22 = 2V/2;
|d| = V12 + 32 = /10;

le| = 2;
If| = V12 + 22 = /5;
gl = V12 422 = V/5;
|h| = 4;

k| = V22 + 4% = 2V/5;
N = V4 +12 = V1T,
lm| = V42 +12 = V1T;
In| = V92 +22 = /85;

7. [(=Ti+ 24j)| = V7% + 242 = 25Newtons

)

(5c0s(30°)i + 5sin(30°)j)units
~ (4.3i 4 2.5j)units
(b) (7cos(60°)i+ 7sin(60°)j)units
~~ (3.5i 4+ 6.1j)units
(¢) (10cos(25°)i+ 10sin(25°)j)units
~ (9.1i + 4.2j)units
(d) (7sin(50°)i+ 7cos(50°)j)N
~ (5.4i + 4.5))N
(e) (5—8cos(60°)i+ 8sin(60°)j)m/s
~ (—4.0i + 6.9j)m/s
(f) (10cos(20°)i — 10sin(20°)j)N
~ (9.4i — 3.4j)N
(g) (—4cos(50°)i+ 4sin(50°)j)units
~ (—2.61 + 3.1j)units
(h) (8cos(24°)i — 8sin(24°)j)units
~~ (7.3i — 3.3j)units
(i) (—6sin(50°)i — 6 cos(50°)j)units
~ (—4.61 — 3.9j)units
(7)) (=10cos(50°)i+ 10sin(50°)j)m/s
~ (—6.4i4 7.7j)m/s
(k) (—8cos(25°)i — 8sin(25°)j)N
~ (~7.3i — 3.4j)N
(1) (5cos(35°)i+ 5sin(35°)j)m/s
~ (4.1i 4 2.9j)m/s

la| = /32 +42=5

4
6 = tan~* 3~ 53.1°
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) |b] =52 +22=
6 = tan~! E 21.8°
)
) e =v22+32=
= 180° — tan ™" g ~ 123.7°
(d) |d=v42+32=5
4
0 =tan"! - ~53.1°
an 3
) lel =v5%2+42 =
4
0 =tan! - ~ 38.7°
)
() |f] = V42442 =4V2
4
0 =tan"' - =45.0°
an 1 5.0
N
4 Northerly component =
1) 160 350 cos 160° (or —350 cos 20°)
= —328.9km/h
10.
Easterly component =
350km/h 350 6in160°  (or 350 sin 20°)
= 119.7km/h
9.4units
" N Magnitude= /5% + 82 =
11. = w? \/.8>z'9.4units
& * . Direction= 360 — tan™' 2 ~
| 360 — 32.0 = 328°T
dunits
12. (a) a+b =2i+3j+i+4j=(2+1)i+(3+4)j =
3i+ 7j
(b) a=b=(2-1)i+@B-4j=1i-]
(c)b—a=(1-2)§i+(4—-3)j=—i+]
(d) 2a =2(2i) +2(3j) = 4i + 6j
(e) 3b=3(i) + 3(4j) = 3i + 12j
(f) 2a+3b=(2x2+3x1)i+(2x34+3x4)j=
7i+18j
(g) 2a—3b=(4—3)i+ (6 —12)j =i — 6]
(h) —2a+3b = (—4+43)i+(—-6+12)j = —i+6j
(i) |a] = v22 + 32 = V13 ~ 3.61
() |b] = V12 +42 = V17 ~ 4.12
(k) |a| + [b| = VI3 + V1T = 7.73
(1) |a+b| = [3i+7j| = V32 + 72 = /58 ~ 7.62
13. (a) 2¢+d=(24+2)i+(-2+1)j=4i-]
) e—d=(1-2)i+(-1—-1)j=—i—2j
(c)d—c=1i+2j
(d) 5c = 5i — 5j
(e) 5c+d=(5+2)i+ (-5+1)j="7i—
(f) 5c+2d = (5+4)i+ (=5 +2)j = 9i — 3j
(g) 2c¢+5d=(24+10)i+ (—2+5)j =12i+ 3]
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14.

15.

16.

(h) 2c—d=(2—2)i+ (-2 - 1)j = —3
(i) |d—2¢c[=|(2—-2)i+ (1--2)j| = [3j| =3

G) le[+ld| = VIZ+ 12422 + 12 = V245 ~
3.65
(k) le+d|=|1+2)i+(-1+1)j =3i=3
D) le—d] = |(1-2)i+(-1-1)j| = |-1i-2j| =
V5 & 2.24
(a) a+b=(5+24+-3)=(7,1)
(b) a+ —b=(5—-2,4—-3) =(3,7)
(c) 2a=2(5,4) = (10,8)
(d) 3a+b=(3x5+2,3x4+-3)=(17,9)
(e) 2b—a = (4 —5,—6 —4) = (-1, —10)
(f) |a] = V52 + 42 = /41 =~ 6.40
(g) la+b| =72+ 12 = /50 = 5v2 ~ 7.07
(h) [a] + b = VA1 + V22 + 32 = VA1 + V13 =
10.01
3 —1 2
@ (1) (3 )=(7)
3 -1 4
o (3)-(4)-(4
1 (—

~
I
_l’_
R
o |
_
~_

—
-~ W
~—
|
N
—
o ‘
—
~—
I

N
ISV
S~
+
[N
N
o
—_
S~
Il
TN T N TN TN TN T/

TN R O R W R = R W 00Tt 0 R

NS AP A A N 2 N
+
N
|
SN
~__

=41
~ 6.40

(1)]-am e

o |(

N )\ VETE = V13
z(i)] VI TI# = V212 = 253




Exercise 4B

lift= 4000 cos 20° = 3759N
drag= 4000 sin 20° = 1368N

18. (12cos 50°i + 12sin 50°j) + 10i ~ (17.7i 4 9.2j)N
19. (—12cos50°i 4 12sin 50°§) + 10i & (2.3i+9.2j)N

_ '40 o 1
( 8sin 40 >+(500830 )+( 00)

8 cos 40° 5sin 30°
B ( —8sin40° + 5cos 30° + 10 )

8 cos 40° + 5sin 30°
( 0 + 10 cos 30° — 8 sin 20° >

20.

)

21.

—_

~ 9.2i + 8.6jN
6 + 10sin 30° — 8 cos 20°
=5.9i+ 3.5jm/s

22. 0i + 5§
10 cos 30°i + 10sin 30°j
4i + 0
7 cos60°i — 7sin 60°j
(16.2i + 3.95)N

e

Exercise 4B

1. e (a) a=4i+3j

(b) 2a = 8i + 6j

(c) & =4 =0.8i+0.6)

(d) 272 = 2(0.8i + 0.6)) = 1.6i + 1.2
e (a) b=4i—3j

(b) 2b = 8i — 6j

() & =454 =081 - 0.6]

(d) 273 = 2(0.81 — 0.6j) = 1.6i — 1.2]
e (a) c=2i+2j

(b) 2c = 4i + 4j

© =58 = i+

(d) 27g = 2(g5i + J5d) = V2i+ V2]

)

e (a) d=3i—2j

44

23.

24.

25.

26.

—10sin40°i 4 10 cos 40°j
10 cos 30°1 + 10sin 30°j
10 cos10°1 — 10sin 10°j

—10sin 10°i — 10 cos 10°j

(10.3i + 1.1j)N

+ + +

Q

Fi1+F;+F3=02+4+2i+B3+3-4)]
= (8i+2j)N

|F1 4+ Fo + F3| = |81+ 2j]
_ T
= 2V17N

(a+b)+(a—b)=Bi+j)+(1—-7j)
2a = 4i — 6j
a=2i—3j

(a+b)—(a—b)=3i+j) —(i-7j)

9b = 2i + 8
b =i+ 4j
2(2c+d) — 2(c +d) = 2(—i+ 6j) — (2i — 10j)
2¢ = —4i + 22
c=—-2i+11j
(2c +d) — 2(c +d) = (=i + 6§) — (2i — 10j)
—d = —3i + 16j
d = 3i — 16
(b) 2d = 6i — 4j
d _ 3i-2j _ 3 2 .
(©) =" = Vst~ v
d __ 3 s 2 s\ _ 6 = 4
(d) 2ﬁ—2( 131—?‘])—?1—?.]
b 24 2+, 1
(@) 1= 5 = 5T 75
(b) lalp =5(%i+ J=3) = 2V5i + V5j

— _3/13: | 4/13:
=-S5 1+ 75

a _ —3i+4j
(C) |C‘m - \/ﬁ 5

(d) a+b+c=2i+3j
la+b+cl=13

la| =5
atb+c _ £2i4+3j _ 10 s 15 =
lalere = 5% = vt Uil

(a) a and d are parallel since a = 2d.
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(b) a+b+c+d+e
=24+4+1+1+4)i+(—4+2-8-2-2)j
= 12i — 14j

(c) la+b+c+d+e|
=122 + 142 = /340
=285

North

A
: eYate) —1 14 o
bearing=90° + tan™" 15 ~ 139

e a is of magnitude 5 units and w is negative.

la| =5
|lwi+3j| =5
Vw?+32=5
w? +9 = 25
w? =16
w=—4
e b is parallel to a
b =ka

—i+ 2j = k(wi+ 3j)
—i+ aj = k(—4i + 3j)
—i+ zj = —4ki + 3kj

(—1 + 4k)i = (3k — 2)j

—1+4k=0
A

4
3k—x=0
3
Ty

e cC is a unit vector

e[ =1
0.5i + yj| = 1
V052 +42 =1
0.25+194% =1
3
2—7
L

3

- s

e the resultant of a and d has a magnitude of

45

and g = —23

13 units

la+d| =13
[(w—1)i+ (3—2)j| =13
(=4 —1)i+ (3 —2)j| =13
524+ (3 —2)2=13
25+ (9 — 6z + 2%) = 169
22 —62+9+25-169 =0
22 —62—-135=0
(z—15)(z4+9)=0
z=15

orz=-9

e p is a unit vector and a is positive

|0.6i —aj =1
0.6 +a* =1°
a=038

e q is in the same direction as p and five times
the magnitude.

q=>5p
bi + ci = 5(0.61 — 0.8j)
= 3i — 4j
b=3
c=—4
° r + 2q = 11i — 20j

(di + €) + 2(3i — 4j) = 11i — 20j
(d+6)i+ (e —8)j = 11i — 20j

d+6=11
d=5

e—8=-20
e=—12

e s is in the same direction as r but equal in
magnitude to q

r
S = Mm

fidgims 51 — 12j
W=D 1
25. 60,
=—1— —]
13 13
25

RE]
60

13

f

azO.S,sz,c:—4,d=5,e:—12,f:%

60
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6. R=a+b+c+d

R = 7cos 30°1 +7sin 30°j
+ 0i +6j
+ 10 cos 45°1 +10sin 45°j
+4cos145°1  +4sin 145°]

R = 9.9i + 18.9j

IR| = 1/9.92 + 18.92
—21.3
e = —9.9i — 18.9j

7. P=|(—6i+5j)|=v62+52~=738

§ = tan~! % ~ 50°
8. Horizontal components:
Psinf = 8sin 50°
Vertical components:
Pcosf =8cos50° + 5

Dividing gives:

Psing  8sin50°
Pcosf® 8cos50° +5
tan 0 8 sin 50°
ng= ———————
8cosH0° + 5
8 sin 50°
f=tan ' ————
M gcosh0° + 5
~ 31°
Substituting:

Psinf = 8sin 50°
~ 8sin50°
"~ sin3l°

~ 11.9
9. Horizontal components:
Psinf = 12 — 10sin 40°
Vertical components:

Pcosf = 10cos 40°

Dividing gives:

Psin6 12— 10 sin 40°

Pcos®  10cos40°
tan 0 12 — 10sin 40°
nf = ——
& 10 cos 40°
_1 12 —10sin 40°
f=tan = —————
10 cos 40°
=~ 36°
Substituting:
Pcos® = 10 cos 40°
10 cos 40°
cos 36°
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10. —T7sin30° +T5sin30° =0
T =T
T1 cos 30° + 15 cos 30° = 100
Ti cos 30° = 50

T, = 50
cos 30°
_ 100
V3
1
T =T = EN
V3
11. —T3sin30° + T3 sin30° = 0
T, =Ty

T1 cos 60° + T5 cos 60° = 100
T1 cos 60° = 50

T, = 50
cos 60°
=100
T, =T = 100N

12. First the horizontal components:

—T 8in30° + T3 sin 60° = 0
T sin 30° = 75 sin 60°

1. V3
=751
Ty = V3T

Now the vertical components:

T1 cos 30° + T5 cos 60° = 100
3 1
ng + 5 T2 =100

V3T, + Ty = 200
Substituting:

V3(V3Ty) 4 Ty = 200

3Ty + Ty = 200
4T, = 200
Ty = 50N

Ty = 50v/3N

13. Speed of A is v/212 4+ 172 = \/730m/s.
Speed of B is v/262 + 22 = /680m/s.

Particle A is moving fastest.

14. Speed=+/52 + 22 = \/29m/s.

In one minute it will move 60v/29 =~ 323.1m.

15. (a) When there is no wind blowing, the pilot
flies due North with velocity vector 75jm/s
for 300000 + 75 = 4000 seconds=1hr 6min

40sec.
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16.

300km t(ai + bj)

t(21i + 10j)
We must add the helicopter’s own velocity
to the wind velocity to produce a resultant

headed due North.
Easterly (i) components:
21+a=0
a=-21

Now find the northerly (j) component to
give the correct speed:

VvaZz+b2 =75

212 +b? = 752
b= ++/752 — 212
=472

We know we’re heading north, so we dis-
regard the negative solution and conclude
b="T2.

To calculate time, we use the total northerly
component (i.e. wind plus plane):

10¢ + bt = 300000
82t = 300000
, _ 300000

82
~ 3659s

~ 61min

The velocity vector is (—21i + 72j)m/s and
the trip will take about one hour and one
minute.

#(21i + 10j)
B

t(ai + bj
300km| |0

1

Easterly components must total zero, so as in the
previous question a = —21.

Calculation of the northerly component is the
same as in the previous question, but this time
we are heading southwards, so we reject the pos-
itive solution and conclude b = —72.

47

17.

18.

19.

We now have a total southwards speed of 72 —
10 = 62m/s so the time is

. _ 300000
62
~ 4839s

~ 81min

The velocity vector is (—21i — 72j)m/s and the
trip will take about 81 minutes.

No working is required for this question. Refer
to the answers in Sadler.

ai

S
10N
—bj

A
a = 10cos60° = 5N, b = —10sin 60° = —5/3N.
The weight is (5i — 5v/3j)N.

(a) =z(2i+3j)+y(i—J) =31+2j
2z +y)i+ Br—y)j=31+2j
2r+y=3
3x —y =2
solving simultaneously:

r=1
y=1
3i+2j=a+b

(b) (2x +y)i+ (3x —y)j = 5i+ 5j

20 4+y=>5
3r—y=>5
r=2
y=1

5i+5j=2a+b
(¢) Cz+y)i+Bx—y)j=i+9j

2x4+y=1
3t —y =9
x =2
y=-3

i+9j=2a—3b
(d) Qe4+y)i+Br—y)j=4i+Tj

2 4+y=4
3r—y="17
1
T
2
v="3
] .11 2
41+7‘]=€ —gb



Exercise 4C

() 2z+y)i+Bxr—y)j=3i—]

2r+y=3
Jr—y=-—1
2
T=3
11
y:2€ 11
31—J:ga+€b
) Qr4+yi+Bz—y)j=3i+7j
20 +y =3
3x—y="7
T =2
y=-—1
3i+7j=2a—b
B

20.
plane (400¢)

wind (—13i—9j)t
To fly directly from A to B, the resultant of the
plane’s velocity and the wind must be in the same
—
direction as AB. That is,
(ai+bj)+ (=131 —9j) = (a — 13)i+ (b—9)j
in the same direction as
—250i + 750j
Let 0 represent this direction (an angle measured
from the positive i direction) then
750

tan = —— = —
an %0 3
Exercise 4C
1. (a) OA = 2i+ 5§
—
(b) OB = —3i + 6
(¢) OC = 0i — 5j
—
(d) OD = 3i + 8j
2. (a) AB=AO + OB
=—3i+]j)+(2i—})
= —i—2j

48

and
b—9
tand =
a a—13
hence
b—9
=-3
a—13
b—9=-3(a—13)
= —3a+ 39
b=48 — 3a
Now consider speed
a® +b? = 400°

and substitute for b:

a? + (48 — 3a)? = 160000
a? + 2304 — 288a + 942 = 160000
10a® — 288a — 157696 = 0

a=—112 or a = 140.8
b =48 — 3(—112) b = 48 — 3(140.8)
= 384 = -374.4

It should be clear that the first of these so-
lutions takes us in the correct direction to go
from A to B. The pilot should set a vector of
(—112i 4 384j)km/h for the trip from A to B.

For the return trip the same calculations apply
(since tan(f + 180°) = tanf) so we will get the
same solutions for a and b, but here we will reject
the first and accept the second.

The pilot should set a vector of (140.8i —
374.4j)km/h for the return trip from B to A.

(b) BA = —AB
=i+2j

(a) AB=—OA + OB
= —(—i+4j) + (20— 3j)
= 31— 7j

(b) BC = —OB + OC
= —(2i — 3j) + (i + 5))
. Y



Exercise 4C

CA = —(i +5§) + (—i+4j)
= —2i—j
- . 0 . .
B=—(i+2j)+ (4i — 2j)
= 3i—4j
== . . . .
BC = —(4i — 2j) + (—i+ 11j)
= —5i+ 13
.
CD = —(—i+ 11j) + (6i — 13§)
= 7i — 243
AB 3i—4j
CD| = = 25—
|AB| E
= 151 — 20j
|0A| = |31 + Tj|
:1/32+72
:\/%
|OB| = | — 2i +j|
:,/22+12
=5
IAB| = | — (3i + 7j) + (—2i +j)|
= | — 51 — 6|
=52+ 62
:\/67
|AB| = [3i — 4j| = 5
IBA| = | - 3i+4j| = 5
IAC| = |i + 4| = VIT
IBC| = | — 2i + 8j| = V68 = 217

OA =12+ 62 = /37
OB =+52+32=34
BA=/(5—-12+(3-6)2=45=3\5

AB=(1-2)i+ (2 -3)j

= —i+ 5]
BC = (9—1)i + (21 — 2)j
— 8i+ 19
.
CD = (6 — 9)i + (-2 — 21)j
= —3i— 23
—_—
|AC| = |(9 — 2)i+ (21 — =3)j|
= VT2 1242
=925

() OA + AB = OB
=1i+2j
_,
OA +2AC

= (21— 3j) +2((9 — 2)i + (21 — —3)j)
= 16i + 45j

49

AGitd) AR
( ) AB(?I\J)
B
O
OB = OA + AB
— (34 45) + (7 )
— 10 + 3]

—i47j) + (2i + 3j)

+
=
&

—e —

!

o
al
I
o
=
+ +
>
— Q

I
wW

= (7i—j) — (41— 6j)

= 3i + 5]
(b) OB = OC + —DC
= (7i— ) — (3i+2j)
— 4i - 3j
(c) BD = BC — DC
= (4i — 6§) — (3i +2j)
—i-8j



Miscellaneous Exercise 4

(d) |AD| = |- OA + OD|
=[ = (=1+9j) + (4i - 3j)|
= |5i — 12j|
=13
12. (a) (204 9j) + (2i — 5j) = (4i +4j)m
(b) (2i+9j)+2(2i — 5j) = (61 — j)m
(¢) (2i+9j) + 10(2i — 5§) = (22i — 41j)m
(d) |(2i+9j) + 5(2i — 5j)| = |12i — 16j| = 20m
13. (a) (5i—6j)+2(i+6j) = (7i+ 6j)m
(b) (5i—6j) + 3(i+6j) = (8i + 12j)m
(c) (5i—6j)+7(i+6j) = (12i + 36j)m
(d) [(5i—6j) + 5(i+ 6j)] = [10i + 24j| = 26m
(e) |(51 — 6j) + t(i + 6)| = 50
|(5+t)i+ (=6 + 6t)j| =50
VG412 + (=6 +61)2 =50

(5+ 1) + (—6 + 6t)* = 2500
25 + 10t + 2 + 36 — 72t + 36¢% = 2500
372 — 62t — 2439 =0

t=9
’ 271
ort=———
37
The particle is 50m from the origin after 9

seconds.

—_— —

14. If A, B and C are collinear, vectors AB, AC and
BC will all be parallel; showing that any pair
of these are scalar multiples of each other will
demonstrate collinearity.

AB = —(3i— ) + (—i+ 15§) = —4i + 16]
22
AC = —(3i — j) + (9i — 25j) = 6i — 24j
— —
AC = f%AB — collinear.
—

15. DE = —(9i — 7j) + (—11i + 8j) = —20i 4 15j
e
DF = —(9i — 7j) + (25i — 19j) = 16i — 12j
— —
DE = g F = collinear.

Miscellaneous Exercise 4

(a) tan ZEBC = 3
/EBC = tan~! 3 ~ 36.9°

50

16.

17.

18.

B (12i + 10§)

@
A (21 + 5j)
0]

— 4 — . . 4 . . . .
OA + 5AB = (21 +5j) + 5 (—(2i+ 5j) + (12i + 10j))
4
= (2i + 5j) + 5(101 + 5j)

= (21 + 5j) + (81 + 4j)
= 10i + 9j
A (—2i+2j
(—2i+2j) AB
0 C
B (10i — 1j)
— 1— . . 1 . . . s
A + 3 B=(—-2i+2j) + 3 (—(—2i +2j) + (10i — j))
1
=(-2i+2j) + §(12i —3j)
=(—2i42j)+ (4i—j)
=2i+]
A (1i 4 8j)
A8
B (19i + 2j)
0]
— 1= oo 1 . . . .
A+ SAB = (i+8j) + 3 (—(1+8j) + (191 + 2j))
1
= (i+8j) + (18 - 6))
= (i+8j) + (3.61 — 1.2j)
= 4.6i + 6.8

(b) To find ZEGC we must first find the length
GC.
Consider ABCG.
GB =10 — AG = 3cm.

Using Pythagoras GC = v/42 + 32 = 5cm.
Now in ACGE,

tan ZEGC = g

/EGC = tan~! 2 ~ 31.0°

To find ZEAC we must first find the length
AC.



Miscellaneous Exercise 4

Consider ABCA.

Using Pythagoras AC =
2+/29cm.

Now in ACAE,

_ 3
tan ZEAC = 2{/@3
AEAC = tan %

V42 +102 =

~ 15.6°

10000N

(a) a = 10000 cos 70° =~ 3400
b = 10000 sin 70° ~ 9400
Weight=(—3400i — 9400j)N.

(b) The resistance force the brakes must apply
is equal and opposite the i component of the
weight, that is 3 400 N.

c=JXa+pub
2i+j = A2i+3j) + p(3i—4j)
20+ =2 4+ 3\ + 3pi — 4uj
(2—=2\=3p)i=(—14+3X—4p)j

Since i and uj are not parallel, LHS and RHS
must evaluate to the zero vector:

22+ 3p =2 @
S\ —dp=1 ®
17 =4 (BxD—2x®@)
_ 4
T
16 .
3\ — 7= 1 (subst. p into @)
33
=2
17
11
A=
17
C
h
a5 N
A 30m B d O

o1

5.

First consider ABCO:

tan 60° =

w
|

Q.
|

~ 0.577h

|
Tl
al=

Now consider AACO:

h
tan35° = —
an d+ 30

h

tan 35°
h

tan 35°
~ 1.428h — 30

d+30 =

d= - 30

combining these two results ...

. 1.428h — 30 = 0.577h
(1.428 — 0.577)h = 30
0.851h = 30
30
T 0.851

~ 35m

Il
DOl W W N
—~
@]

s}

gl Al
lwl

3
9

(4i — 3j) — (ai — 15j) = = ((10i + bj) — (4i — 3j))

4—-a)i+12j= 3 (614 (b+ 3)j)

2(b
i 20

i components:

j components:




Miscellaneous Exercise 4

6. (a) The ball speed is |71 + 24j| = V72 4242 = Let P be the point of closest approach.
25m/s.
The time the ball takes to reach the bound- tana = §
ary is t = % = 24s. 2
a = 56.3°
24
tan 3 = —
an (8 -
6 ="137°
/POA=0—-«
=17.4°
! OA=/22+3
=13
AP
inl7.4° = —
sin OA
AP = 0OAsinl7.4
=+V13sin17.4
= 1.08m

52



CHAPTER 5

Chapter 5

Exercise 5A

10.
11.

12.

13.

14.

. minor arc AB = 2% x 27 x 12.4 ~ 10.8cm
major arc AB = % x 27 x 14.7 =~ 60.3cm

minor arc AB = 3892390 5 971 x 6.7 ~ 8.2cm

major arc AB = 36%&}20 X 2T X 8 = % x 16w =
327
=5Fem
. =4

minor arc AB = % x 2w x 10 = 2‘)T’Tcm

: __ 280 __ 28w
major arc AB = 555 X 27 X 6 = =% cm
minor sector= %ﬂ x 122 = 247em?
minor sector= %ﬂ' x 62 = 11mem?

: _ 360—120 2 _ 1287 . 2
major sector= <= X 8% = 22 cm

minor sector= %ﬂ' x 15.42 ~ 321cm?

First, from arc length [ to angle 0

Then from angle 6 to sector area a

0
2
a= —=TT
360
3601
2nr 2

360"
360mir?
7207
o r
T2

So for question 11
minor sector= 123X176 ~ 108¢m?

40x10 _ 200CH12

major sector= ==

minor segment = minor sector —triangle
100

100 152 7152 x sin 100

360 2
86cm?

3601

2mr
288

minor segment

~ 30cm?

53

90
x 102
324

™

15. x 360

102 sin 324
— I

minor segment = 90 —

~
~

41cm?

60
— X

360

1
16. minor segment = 122 — 5122 sin 60°

:247r—72><§

247 — 36v/3
12(27 — 3v/3)cm?

135 1
17. minor segment = 360" = 6% — 562 sin 135°
2
2 2
27
=27 92
2
=9 (37T — \/5) cm?
2
18. 6 = 360 — 210
= 150°
150 1
minor segment = 360" 10% — 5102 sin(150)°
125
= =5~ 50sin 150°
1257
= —25
3
25
== (57 — 3) cm?
3
2
19. %
v
(a) minor arc= éég X 21 x 15 = QST” ~~ 29.3cm
(b) major arc=3%0=212 x 27 x 15 = %%

64.9cm



Exercise 5A

%
) 24cm
«
20.
75
— X 2mr =24
360 X 27r
24 360
r=— X —
2 75
_ 288
T bw
~ 18.3cm
v
21. <)
4
a= ﬂﬂ x 152
360
1257w
4
~ 98.2cm?
Q
22. O () 140°
%
=
b
Z0OAB = 20°
= OAB=180-2x20
= 140°
140
“ 360
~ 292cm?

1
T x18% — 5182 sin 140°

54

23.

25.

&
>
>
360 — 6
= 122
378 50 "~
378 x 360
360 — 0 = i
~ 300.8
0 ~ 59°

1224122107

0=
RIS DISED
~ 49.2°
49.2 1
T 122 — 5122 sin 49.2°
~ 7.3cm?

In half an hour the minute hand sweeps out 180°
or half a circle. Its tip travels

1
d=—-Xx2m x 12
2
= 127mcm

In half an hour the hour hand sweeps out =5 of

24
a full circle. Its tip travels

1
d:ﬁXQﬂ'XS
2T
= —CIn

3

26. The ship is travelling through 3 degrees of lati-

tude. 3° = 3 x 60 = 180’. The ship travels 180
nautical miles.
One nautical mile in kilometres is

1

d:%xzwxemo

~ 1.85km



Exercise 5B

27. The circumference of the base of the cone is equal
to the arc length of the sector:

27TTZ%X27TX10
20
r=—
3

The slant height of the cone is the radius of the

Exercise 5B

1.9:%:3rads

2. =3 =15rads
3.0=2=5
4.0=35=25
5.0=1=4
6.0=5=4
7.5°=5x 15 = %

8. 18° =18 X 155 = 1p
9.30°=30X 155 = §
10. 80°:80><1’Tﬁ:%f
11. 144":144><%:4?7r
12. 40° = 40 x (%5 = 2¢
13. 145":145><%:2:%
14. 108":108><%:3?7r
15. 165° = 165 x &5 = Lx
16. 9° =9 X 155 = 55

17. 65°:65><1%:1?;3767r
18. 110° = 110 x &5 = L=
19. 13002130X%:%
20. 126":126><%:%r
21. 99° = 99 x & = U=
22. 1550:155x%:%

55

sector:
h? +r? =10
h=14/10% —
=4/100 — —
=104/1
5
=10 9
_10v5
3
23. T rads = § x 180 = 30°
24. %rads:%x%:wo
25. %rads:%x%:mo
26. 3% rads = 37 x 180 — 54°
27. %radsz%X%z??o
28. 5T rads = 57 x 180 = 160°
29. m rads = 180°
30. 23T rads = 37 x 180 = 175°
31. 5 rads = 5 x %:90O
32. %’T rads = 3% X 1% =67.5°
33. % rads = § x 180 = 60°
34. T rads = T x %236O
35. %rads:lg—gx %:85O
36. 2T rads = 2T x 180 = 135°
37. %—Jrads:lg—; X %233O
38. %rads:%x%:mo
39. 32° = 32 x 155 ~ 0.56
40. 63° = 63 x 155 ~ 1.10
41. 115° = 115 X 155 ~ 2.01
42. 170° = 170 x 155 ~ 2.97
43. 16° = 16 x 155 ~ 0.28
44. 84° = 84 x 155 ~ 1.47
45. 104° =104 x %= ~ 1.82

46.

180
26° = 26 x 1% ~ 0.45



Exercise 5B

47. 76° =76 x & ~ 1.33
48. 51° =51 x & ~ 0.89
49. 152° =152 x &5 ~ 2.65
50. 158° = 158 x &5 ~ 2.76
51. 1.5 =1.5 x 180 ~ 86°

52. 2.3 =23 x 180 ~ 132°
53. 1.4% = 1.4 x 180 ~ 80°
54. 0.6 = 0.6 x 180 ~ 34°
55. 0.2 =02 x 80 ~11°
56. 0.32% = 0.32 x 180 ~ 18°
57. 1.217% = 1.21 x 180 ~ 69°

58. 3.1% =3.1 x 180 ~ 178°

For exact value problems, you should work towards
knowing these in radians as well as degrees, so you
don’t have to first convert to degrees. This will come
with time and effort. You should deliberately memo-
rise the following table:

0 | sinf | cosf tan 6
0 0 1 0
T 1 V3 1
6 2 2 3
s 1 1 1
4 ﬁ 2
s 3 1
3| 5 | 3 V3
5 1 0 undefined
oo 1
99. sin 7 = 7
60. 5gr makes an angle of & with the z-axis and is in
quadrant 2, so sin %’T = %
61. ?ZT makes an angle of 7 with the z-axis and is in
quadrant 2, so cos ?jf = %
62. sing =1
63. 2; makes an angle of § with the r-axis and is in
quadrant 2, so sin 2F = V3
64. ‘T makes an angle of 7 with the z-axis and is in
quadrant 2, so sin %’T = %
S B
65. cos 7 = 7
66. 2; makes an angle of % with the z-axis and is in
quadrant 2, so tan %’T =3
67. cos 5 =0
68. tan 7 is undefined
69. 2; makes an angle of % with the z-axis and is in
quadrant 2, so cos 2?” = —%
70. 5(? makes an angle of & with the z-axis and is in
quadrant 2, so tan ‘%’T = —%

56

71. 3% makes an angle of £ with the z-axis and is in
quadrant 2, so cos %’“ = 7§

72. m makes an angle of 0 with the z-axis and is in
quadrant 2, so tanm = 0
T 1
73. cos§ =3

74. m makes an angle of 0 with the z-axis and is in

quadrant 2, so sinw = 0

Questions 75-90 are single-step calculator exercises, so
there’s no point in reproducing the solutions here. Re-
fer to the answers in Sadler.

91. (a) 3 revolutions/second= 3 x 27 = 67 radi-
ans/second.
(b) 15 revolutions/minute= 2 x 2 = Z radi-
ans/second.
(c) 90 degrees/second= 7 radians/second.

92. (a) 27 radians/minute = 1 revolution/minute
(b) 3% radians/second = 3T x 60 = 457
radians/minute = 4T = 225 revolu-
tions/minute
(c) § radians/second = § x 60 = 207 radi-
ans/minute = 2% = 10 revolutions/minute
93. sinl = —
x
6
~ sinl
~ 7.1
94. tanl.2 = —
8
Tr =
tan1.2
~ 3.1
95. Let h be the perpendicular height in cm.
h
in0.6 = —
sin 20
h =20sin0.6
~11.3
T =/ h?+ 62
~ 12.8
R
sinl.1  sinl8
14sin1.1
rT=—
sin1.8
=128
97. 0 =m—0.64
~ 2.50
z=/T2+102 — 2 x 7 x 10cos 2.50
~ 16.2



Exercise 5C

08. 722 =5.0246.12-2x 5.0 x 6.1cosx

. (5.02 +6.12— 7.22>
X = COS

2x5.0x6.1
~ 14

99. (a) fx2r=1

—~
=
win
X
N
3
I
‘;b
3

A
o

SN~—

=[]
X
)
3
I

100. (a) 50 grads=0.50 x § = 7§
(b) 75 grads=0.75 x § = 3¢
(c) 10 grads=0.10 x § = 55

(d) 130 grads=0.10 x § = 43«

Exercise 5C

1. l=rf =5x%0.8 =4cm

2. =70 =10 x 2.5 =25cm

3. l=r0=78x (2mr —4.5) = 13.9cm
4

1,.2
510

7. a=1r?(0 —sinf)

57

101.

10.

(a) B C
Let d be the diameter of the pipe.

DO
ﬂ =tan0.5
DO

- tan0.5
B d

" 2tan0.5
_d
1.09

= 0.915d

The scale along AB must be set up so that
lem units are 0.915cm apart, starting with
0 at A.

(b) If BAC = Z then AODA is isosceles so
OD=AD or AD = 0.5d. This would be
simpler to construct as lem units along AB
would be exactly 0.5cm apart.

N

a %r2§9 — sin )

3 x 52 ((2m — 3.5) — sin(2m — 3.5))
= 30.4cm?
a= 2r?( —sin0)
=1 x7.5%(2.2 —sin2.2)
= 39.1cm?

4

=70 =15x%x 1.2 =18cm



Exercise 5C

11. <

(a) a=4r?0 =1 x 152 x 0.8 = 90cm?

(b) a=m x 152 — 90 ~ 616.9cm?

@

12. < !

N

(a) l=70=8x1=38cm

1
57“2(9 — sin 6)

1
=5 X 82(1 — sinl)

~ 5.lcm?

(b) a=

@

13. 4 l

58

Q
14. O 20cm
v
0=1/r
=20/8
=2.5
1
a=-r20
2
:1x82><25
= 80cm?
<
15. 0
65@
7
1
57"29:9
1
= x6°0=9
2><
180 =9
1
0=—
2
1, .
a=gr (0 — sin0)
1 5 (1 1
—§><6 (2—sm2)

16. a = segment BOC — segment AOD

1, 1o
—2R9 27“9

0
= Q(RQ - 7"2)
1.5
= 7(122 —6%)
= 8lcm?
0
17. a= 5(R2 —r?)
1.5
=5 (9" =5
= 42c¢m?

~



Exercise 5C

Consider AO;AQOs.

2 2 2
/A0;0y = cos™! %
=~ 0.644
/AO0B =2/ZA0,0,
~ 1.287

1
segment AO1B = J x 82(1.287 — sin 1.287)

~ 10.46
Similarly
6° +10° — 8
ZA =cos l—m«—
0201 = cos 2x6x 10
~ 0.927
/ZAO3B =2/A050,
~ 1.855

1
segment AO,B = 3 X 62(1.855 — sin 1.855)
~ 16.10
total area = 10.46 + 16.10
= 26.57cm?

1
19, areasegment BOC = 5 X 82 x 0.8

=25.6

1
areapAoOp = 3 x 528in 0.8

~ 8.97
areapacp = 25.6 — 8.97
= 16.60cm?

20. The AC and BC are perpendicular to AO and
BO respectively, since a tangent is perpendicular
to a radius to the same point. This makes calcu-
lating the area of the halves of the quadrilateral

simple.
1
areaaAQC = B X6 X8
=24
areapopc = 48
ZAOC = tan™* %
~ 0.927

59

ZAOB = 2/A0C
~ 1.855

1
areagector AOB — 5 X 62 x 1.855
= 33.38
area = 48 — 33.38
= 14.62cm?

21. Area ABCD is equal to the area of the segment
created by chord AD minus the area of the seg-
ment created by chord BC.

1 1
a=3 x52(2—sinQ)—5 x 5%(1 —sin1)

1 2
_§><5

25
= ?(1 —sin2+sin1)

(2—sin2 — (1 —sinl))

= 11.65cm?

22. (a) !l =18 = 75 x 0.8 = 60cm each way, or

120cm total.

(b) BC=2 x 75sin0.4 ~ 58.4cm
Arc BC exceeds chord BC by 1.6cm.

Consider AO1AO,.

_1 50% + 702 — 402

£A010z = cos™ = rm
~ 0.594
/AO B = 2/A0,0,
~ 1.188

1
segment AO\B = 5 X 50%(1.188 — sin 1.188)

~ 325.9
Similarly
402 + 70% — 502
ZA —cos ! ——
0201 = cos ™ = % 70
~ 0.775
ZAO9B = 2/A0,0,
~ 1.550

1
segment AO>B = o x 40%(1.550 — sin 1.550)

~ 440.5
total area = 325.9 + 440.5

~ 770mm?
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24.

.e),

£AO102 = cos™ = 10 TS
~ 0.403
/ZA01B =2/A01,0,
~ 0.805
arc AO1B =10 x 0.805
~ 8.05
2 2 2
/A050; = cos™! %
~ 0.594
/ZAOsB =2/A050,
~ 1.188
arc AO,B =7 x 1.188
~ 8.32
perimeter = 8.05 + 8.32
=~ 16.4cm

10
°2 T 10+ 12
9

2.
percentage = —— x 100%
27
~ 35%

L 102 4152 — 72

60

.7~ fence N
|
| 6m
o
W
26. To
o_6
cos 5 =10
6
6 =2cos ! —
cos 10
~ 1.85

find the major segment, use 27 — 6:

a=1 02 (27 — 0 — sin(27 — 0))

2
~ 269m>
7 fence N
E
m
0 ,\CL‘&
27.
AN fence s §

~ s
~ -

It may be simpfeéf fo deal with this as the area of
the circle minus the area of two identical minor
segments.

a, = x 122

~ 452.39m>

1
Aseg = 57“2 (6 — sin0)
122

= (228 —sin2.28)

~ 109.76m?

4= 0o — 20seg
~ 452.39 — 2 x 109.76
~ 233m?
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This is similar to the Situation at the beginning
of the chapter.

Straight segments AB and CD

AB = /262 — 102
= 24cm
Angle 6
10
57 %
10
0 =2cos ! —
cos %6
~ 2.35

Major arc AC

AC=r2r-0)
= 16(2r — 2.35)
~ 62.90

Minor arc BD

BD =16
=6x2.35
~ 14.11
Total length = 2 x 24 4 62.90 + 14.11
~ 125cm

Straight segments AB and EF

AB = /392 — 152
= 36cm

Straight segments CD and GH

CD = /302 — 182
= 24cm

61

Angle 6
Ccos — = E
2 39
1
6 =2cos™! —5
~ 2.35
Minor arc AE
AE =r0
=5x%x2.35
~ 11.76
Angle ¢
18
Ccos — = —
2 30
18
=2cos ! —
10} cos 30
~ 1.85
Minor arc DH
DH =r¢
=2x1.85
~ 3.71

Minor arcs BC and FG

a= %(27r —0—9)
~ 1.04
BG =ra
=20x1.04
~ 20.77
Total length = 2(AB + BC + CD) + AE + DH
= 2(36 + 20.77 + 24) + 11.76 + 3.71

~ 177cm
30. perimeter:  2r 4+ rf = 14
rd =14 — 2r
14
0=——2
r
area: r20 = 10

1,/14
subst. for §:  —r? ( - 2) =10
2 r
Tr—r? =10
r?—Tr+10=0

(r=>5)(r—2)=0

r=>5
orr =2
1
forr:5,9:—4—2
5
= 0.8 (an acute angle)
forr:2,9:%472

=5 (a reflex angle)
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(a) Radius = 5 cm.
(b) Radius = 2 cm.

31.
1
ap =3 %10 105111%
50V3
2
=25V3
1 s
Agector — 5 X 52 X g
_ %
6
Gshaded = @A — 30sector
251
=25V3 -3 x =
2
N
2
m 2
=25 (\/§ — 5) cm
A 10cm B
o (F]

1
an = 5 x 10 X 5

=25

10

6 = tan~! =

~1.11
Agector = 1 x 52 x 1.11

2

~ 13.84

Gshaded = @A — Osector

=25—-13.84

~ 11.2cm?

33. r is the slant height of the cone, and 6 is such
that the arc length of the sector equals the cir-

62

cumference of the base of the cone.

= VIS
= 4v/53
~ 29.1cm
rd =27 x 8
_ 16m
4/53

~1 73RADIANS

34. First, find the area of the major segment, then
find the capacity:

10

COS —

260

6 =2cos™! 1
B 6

~ 2.81

1
a=3x 60 (27 — 6 — sin(27 — 0))

~ 6849cm?
=al

= 6849 x 120
~ 821915¢m?
~ 822L

v

1
ay = —bh
2

1
==-x1 4
2>< 5 x40

35.

= 300cm?
aip = ay = 300cm?
ar = ar + arp = 600cm?

for segment IV:

7 = 4/40% + 152
= 5V73
~~ 42.72
15
0 =2tan"" —
an 10
~ 0.718
— 1 29
ary = 57“ arrr

1
3 x 1825 x 0.718 — 600

~ 55cm?
(b) 1=40x2 +30 x 2
+5V73x2 +5V73 x 0.718
~256cm
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01
36. 15
5cm i

O
10cm ?

\ dcmy
A B

C D

CD = /152 — 52
=10V2

1
a0,0,DC = §CD(T1 + 7"2)

1
=3 % 10v/2(10 4 5)

=752
~ 106.07
5

/ E=—
cos £CO4 5

1 2
aco,E = 3 x 107 x 1.23

~ 61.55
sin /DOLE - © = 2
YT 1

/DOLE ~ 0.34 + %

~ 191
1 2
aApOLE = 5 x 5% x 1.91

~ 23.88

Gshaded = #010,DC — GCOE — GdOE
~ 106.07 — 61.55 — 23.88

~ 20.64cm?

37.

4cm 3cm B

A

JA—cost EXT =5

o 2x6x7
~ 0.775

524+ 72 — 62

/B=cos ! —— —

o8 2x5x7

~ 0.997

63

_162+52_72

/C = cos 7% 6 x5

~ 1.369
_ L opsinc
apn = 20/ S1n
1
=3 X 5 X 6sin 1.369
~ 14.70
1 2
Ggsector A = 5 X 4% x 0.775
6.20

Q

1
Gsector B = 5 X 32 x 0.997
~ 4.49
1 2
Asector C = 3 X 2 x 1.369

~r 2.74

Gshaded = @A — Gsector A — Usector BUsector C

=14.70 — 6.20 — 4.49 — 2.74

~ 1.27

Gshaded _ 1.27
an 14.70
= 8.6%

Q
o

The lowest position of the piston is r above the

top of the wheel. Therefore it is 3r above the
bottom of the wheel. Thus the fixed length of
the drive rod PR= 3r.

It should be clear that h = 2r since at the low po-
sition the arm goes straight down from the piston
to the bottom of the wheel, and at the high posi-
tion the arm goes straight down from the piston
to the top of the wheel.

If arc length PQ is equal to r, the angle it sub-
tends is ZPOQ=1RAPIAN,

The height of point P relative to point O is
u =1rcosl.

Similarly the horizontal position of point P is
v=—rsinl.

The length from point S to R can be determined



Miscellaneous Exercise 5

by Pythagoras’” Theorem:

SR = /(3r)2 — (rsinl)?
=V9r2 —r2sin®1
=7rV9 —sin’1
= 2.88r

Miscellaneous Exercise 5

1. No worked solution necessary.
2. No worked solution necessary.
3. (a) <25:2r—-5<0;4—2>0

—(2z-5)=4—-=z
—2x+5=4—=x

r=1

(which is in the part of the domain we are

considering, so we do not reject it.)

25 <xr<4:2x—-5>0;4—x>0

2c—5=4—=zx
3r=9
r=3

r>4:2xr-5>0;4—-2<0

2 —5=—(4—x)

r=1

We don’t really need to do the third part
(which yields a solution outside the part of
the domain we’re considering), as there can
only be two solutions. (You can see that if
you graph the left and right hand sides of
the equation and see where they intersect.)

Solution: x =1 or x = 3.
r<25:2x—-5<0;4—2>0

—(2zx—-5)<4—x
—2r+b<4—=x
x>1

(which is in the part of the domain we are
considering, so we have 1 < z < 2.5.)

64

()

r=SR—-2r—u
=2.88r —2r —rcos1
=r(2.88—2—cosl)

=0.33r
x  0.33r
h2r

~17%

25<x<4:2x—-5>0;4—2x2>0

2r —5<4—x
3r <9
T <3

(which is in the part of the domain we are
considering, so we have 2.5 <z < 4.)

Combining the two parts of solution we get:
Solution: 1 < x < 3.

This inequality must be true where the pre-
vious inequality is false, i.e.:

Solution: z <1 or x > 3.

There is another way we could look at this. We
know the left and right hand sides are equal at 1
and 3, so the inequality must be true either be-
tween 1 and 3 or less than 1/greater than 3. We
can decide which by testing a suitable value: sub-
stitute (for example) 2 for x and decide whether
the inequality holds true. Here |2 x 2 —5| =1

and

|4 — 2] = 2 so LHS<RHS and the second

inequality holds for the interval 1 < x < 3.

4. 1=r0 =4 x 3 =060cm/s

5. (a) BC=+VAC? - AB?
Vi —¢
= 8cm
(b) DB = vDA? + AB?
VT
= /261

= 3v/29cm
AB
AC

AB
/CAB =cos™ ! ==
C cos 1

(c) cos ZCAB =
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(d) We want Z/FAE.
FE
tan /ZFAE = —
an A
FE
/FAE = tan™* A 8.
=tan"! ——
3v29
=~ 26°
A (i+5))
h
tan24° = —
(a) tan 20
o P h = 50 tan 24°
B (i - j) ~ 22m
(b) ZACB = 90° — 50°
AP - 138 = 40°
o 50
4 o_ -
@-(ﬂ:;(ﬁ-(ﬁ) cosd0” = 5=
— 4 — — — _ 50
OP = 5(OB —0A)+0A cos 40°
4— 1— ~ 65m
=-0B+ -0A
5 5
=0.8(7i — j) + 0.2(i + 5j) AB
= (5.6 — 0.8§) + (0.2i + j) (c) tand0® = ==
=5.81+0.2j AB = 50 tan 40°
~ 42m
(d) tan/TBA —
n = —
AB
/TBA = tan~! 2220
41.95
~ 28°
9. ZBOA = 45°
BA = /102 4+ 102 — 2 x 10 x 10sin 45°
sin9 o sin30° =10 ( 2 — \/§>
50 350
. _1 90sin30 ~ 7.65m
f=sin"" —
350
~ 4.1°
By the similarity of the triangles BOA and JOI:
JI = %BA
The plane must fly on a bearing of 170—4 = 166°. ~ 4.59m

65
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10. a=kc
bl
lc|
VTR 242
VEIE
25
5
=5
a=>5(3i—4j)
= 15i — 20j
a+b = 15i — 20j — 7i + 24j
= 8i +4j
|a+b| =+/82+42
:\/%
=45
A B
11. a D
0 E ¢ C
— 1
AEz—a—i—gc
— —
AM = hAE
h
:—ha—i—gc
— —
OM =a+ AM
h
:afhaJrgc
h
:(lfh)a+§c
— 1
OD:c+§a
— —
OM = £kOD
1
:k(c+§a)
k
:§a+kc
k
(1—-h)a+ c:§a+kc
k h
(1-hla—-a=kc— -c
2 3

66

1—h- ko
2
k
htg=1
2h + k=2 ®
h
dk—2=0
an 3
—h+3k=0 ®
Th=2 (D+2x®@)

(subst into @)

—>

A = (19i — 6j) + t(—2i + 5j)
= (19 — 2t)i+ (—6 + 5t)j

12. (a)

|OA| =25
(19 — 2t)? + (=6 + 5t)* = 252
361 — 76t + 4t* 4 36 — 60t + 25t% = 625
20t? — 136t + 397 = 625
20t% — 136t — 228 =0
(t—6)(29t +38) =0
t = 6s

— —

(b) AB=0OB-0
= (5i+j) — (19 — 2t)i + (—6 + 5¢)j)
=(—-19+2t)i+ (1+6—5t)j
= (=14 +2t)i+ (7 —5t)j

OA| = |AB|
20t% — 136t + 397 = (—14 + 2t)% + (7 — 5t)2
29t% — 136t + 397 = 196 — 56t + 4t>
+ 49 — 70t + 25t
20t? — 136t + 397 = 29t — 126t + 245
10t = 152
t=15.2s



CHAPTER 6

Exercise 6A

10.
11.
12.
13.
14.
15.

S ¢k W

-1 _ 1 1

27 =5 =3

48 =45 = 4876 =42 = 16
32 _32 _ 9 _ 9l

(3) =%=1=23

18" =1

(40.5)6 _ 405%6 _ 43 _ g4

50 x 578 =50T"8 =572 = &

2

[$2

37 x 272 37 x (3%)7
314 - 314
3T x 30
314
313
T 31
!
T3
58 = 54 5874
125 5%
54
T
=5
710 N 72 71072
49257 T (122 7
78
e
78
-
!
7
10 000 = 10*
0.1=10""!

109 + 10% = 1093 = 106
10% x 1000 = 10° x 10% = 105+3 = 108
10° + 1000 = 10° + 10% = 1053 = 102
107 x 10° + 1 000 000 = 10775 = 10°
— 1012—6
=106

Chapter 6

16. /10 = 103
17. ¥/10

18. v/1000 = (10%)? = 10%

19. a*+ad’=a*?=a"° =
20. 9—n=4 = n=>5
2. n-9=4 = n=13
22.2x3=n = n=6
23. §xn=5 = n=10
24.%—&-%:11 = n:%
25. 2n+1= — n=3
26. (9—n)—(34+2)=3
9—-n—-5=3
4—n=3 =
27.5><%—%—n = n=2
28. a3 =d"
29. 12x3y*
15a%b _ 3 272 _ 3a®
30. fgaps = 207077 = 52

31. 9a2 x 8a%b3 = 72a%0°
32. ot = 9

8abb3 8atb3

33. 6a! x 8b = 28

34. Sa2 3471 = 2490 = 20
35, k4l =kt

5 8
36. %—%:pg’—pﬁ

37. 5k+2)—(k—1) — 53 — 195

38. 8'x52-50 __ 25(5"~2) _ or

5n—2 57—2

39 2h><23+8 _

8(2"4+1) 8 _9
3(2°h+1) -

— 3@2R+1) T3

wln

67



Exercise 6B

Exercise 6B

1. First determine a by taking the ratio of the num-
bers in one year to that of the previous year.

16800
——— =0.933
18000
15200
——— =0.921
16500
14000
—— =0.921
15200

a~ 0.92

The population each year is about 0.92 that of
the previous year.

By 2025 the population is expected to be 18000 x
0.92202572002 ~ 2600

2. First determine a
450

— =0.849
530
385
— = 0.856
450
325
— =0.844
385
a~ 0.85

Now use this to determine k, the initial popula-
tion:
k x 0.85° = 530
530
T 0.85°
~ 1200 frogs

k

3. (a) From the graph, when ¢t = 3, P ~ 67.
(b) From the graph, when t = 8, P & 29.

29
8-3 _ 47
(C) a - 67
a® =0.43
a = 0.435
~ 0.85
ka® = 67
67
k=—0
0.853
~ 110

Exercise 6C

There is no need for worked solutions for questions
1-32 as these are all single step problems.

33. 64 = 82 so0 logg 64 = 2
34. 128 = 27 s0 log, 128 = 7
35. 10000 = 10* so log 10000 = 4

(d) Whent =0, P =k ~ 110.

4. (a) At t = 0 the populations of A and B are
10 000 and 1 000 respectively.

(b) After 3 months (¢t = 3) populations are:

Pa = 10000(0.75)3
~ 4200

Py = 1000(1.09)3
~ 1300

(c) Calculator shows xc = 6.1589539 yc =
1700.2215 so we conclude that the popula-
tions are equal at t = 6.2.

t 0 3 6 10
N | 850 | 640 | 460 | 320

Determine an estimate for a:

640\ *
2= ) =091
(850) 0.910

Wl

ol=

460
(640) = 0.896
1
320\
— =0.913
a =~ 0.91

An estimate for k can be read directly from
the graph—the value of N when t=0: k =~
850.

(b) Solving (0.91)" = 1 gives ¢t ~ 14.7, so we
expect releases to cease after 15 weeks.

36. 243 = 3° so log; 243 =5
37.
38. & =250 log, (i) =—4

39. 216 = 62 so logg (515) = —3



Exercise 6D

40.

41.

42.
43.
44.
45.

46.

0.125 = § =273 s0 log,(0.125) = —3

243 = 35 = (9%)5 = 925 50 logy 243 = 2.5
0.001 = 103 so0 log(0.001) = —3

6 =6 sologg6 =1
1=7"s0log,1=0
1=a"solog,1=0 (provided a # 0)

1\
32 =20 = (45) = 425 50 log, 32 = 2.5

Exercise 6D

10.
11.
12.
13.
14.

15.

16.

. logzz
. log2? +logy = log 2%y
. logz? +logy?® = log 22y>

. logz? —logy = log""j’—y2

log ab — log c = log %b

a®v?
2

log a® + log b* — log c? = log

5loge —3logc+loga =2logc+loga
=logc?® +loga
= log ac®

log 100 + log z = log 100x

log 1000 — (log z + log y) = log 1000 — log zy

1000
= log
Yy
log 1000 — log x + log y = log %
log, (%) =1log,8 =3
log, 2358 =log, 16 = 4
4-1=3
3+2-4=1
45 x 4
logs 45 + logs 22 — log; 20 = logs TS
=log; 9
=2

4
10g34—log336—2:10g3%—2

1
:10g3§—2

=—2-2
=4

69

47.

48.

a=a'solog,a=1

(a #0)

log,, (a3) =3

Questions 49-56 are straightforward calculator exer-
cises so there is no need for worked solutions.

o7.

17.

18.

19.

20.

21.

22.

(a) Yes: cis negative for all b < 1.

(b) No: there is no value of ¢ such that 10¢ is
negative so b can never be negative.

log5 — (log2 + 2log5) = log 5 — log(2 x 5%)
= log 5 — log 50)

g 2
~ %50
1
:1 —_
%10
=1
) 3 a2b3
log, b+ log,(ab)” — log, b = log,, .
= log, a*
=2
3log, b _ 3 _
212§ab -2 L5
log, % _ log, 16
log, 2 log,, 2
 log, 2!
~ log, 2
_ 4log, 2
~ log, 2
=4
(a) log,(2x3) =log,2+log,3=p+gq

=log,2 —2log, 3
=p—2q
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(e) logs(7? x 2 x 5) = 2logs 7 + logs 2 + logs 5

=2a+b+1
(f) logs(7 x 22 x 5%) = logs 7 + 2logs 2 + 2
=a+2b+2
23. y=a"
24. y=2x

25. log, y = log, =*
y=a°
26. log, y* = log, 2*

v =a®

o

y=2x

27. log,y =log, ax

Yy =ax

28. log, y = log, a* + log, =

= log, a’x
y=a’x
29. log,y = log, z !

1

y=a
1

y=-
X

30. log, zy = log, a?
2

Ty =a
a2
Yy=—
T

31. (a) 75 —35log(04+1) =75
(b) 75 —35log(2 + 1) ~ 58

) )

) )
(¢) 75 —35log(4+1) =~ 51

) )

)

(d) 75— 35log(t+ 1) = 40
35log(t+1) = 75 — 40
log(t+1) =1
t+1=10
t=10—-1

=9 fortnights

32. (a) R=log (%) — 1og 1000 = 3

70

33.

34.

(b)

()

I
5.4 = log <I>
0

I

— =10°"

Iy
I=104],

~ 2500001

An earthquake measuring 6 has an intensity
of 101, while one measuring 5 has an inten-
sity of 1051y, so the former has an intensity
ten times that of the latter.
10771 — 107759
10597,

— 108

~~ 63 times as intense

—log,;0.0001 = 4.0
—log,70.0000316 ~ 4.5
—log40.000 00025 ~ 6.6
—log40.000 000016 ~ 7.8
—log;40.000000042 ~ 7.4
107525 ~ 0.000 005 62 mol/L

I
101logy (Io> =40

I
log; To =

I
— =10*
Iy
I =100001,

I
101log; (Io> =170

I
log; IT) =

I
— =10"
Iy

I =100000001y

I
10log,, (é) =90 —20

lo hy_1n
£10 I2 - 10

L
I
The intensity of a 90dB noise level is
10 000 000 times that of a 20dB noise level.

=107
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Exercise 6E

1. log3® =log7

xlog3 =log7
S log 7
~ log3

2. log7® =1log 1000
xlog7=3
3
B log 7

T

3. log10% =log27
xlog 10 = log 27

x = log 27

= 3log3

4. log?2® =logll
zlog2 =log1l
_ log11

log 2

5. log3® =logl7
xlog3 =log 17
log 17

e log 3

6. log7® =log80
xlog 7 = log 80
log 80

- log 7

log 7
1+ 3log2
log 7

7. logh® =log21
xlogh =log21
log 21

xTr =
log 5

8. log 10 =log15
xlog10 = log 15
x =log 15

9. log2® =1log70
zlog2 =log 70
~ log70

log 2
_ log(7 x 10)
N log 2
_ 1+log7

log 2

log (10 x 23)

71

10.  log6(®t?) =log17

(x +2)log6 =log 17
log 17
log 6
_ log 17

T+2=

log 6 a
_log17  2log6
v log 6 a log 6
_ log 17 — log 36

log 6

_ log%

log 6

11.  log3@+Y) =log51
(x4 1)log3 =logh1
log 51
log 3
_ log(17 x 3)

r+1=

log3

_ log17 +log3

T log3
log 17

:Ezlogg—i-l—l
_ log 17
x_log3

1

12. log 81 =1log 7
(x—1)log8 =1log7
_log7
~ log8
_log7
Y7 10g8
__log7 log8
v log8  log8
_ log7 +log8
 log23
_ log 56
~ 3log?2

r—1

+1

13. log 51 = log 3%*
(x —1)logh = 2x1log3
xlogh —logh = 2xlog3
zlogh — 2z log 3 = log b
x(logh — 2log 3) = logh

- log 5
¥ log5 —2log3

~ logh

_logg



Exercise 6E

14. log 20"+ = log 3" 18. 5% +4 (5% x 5') =63
(x+1)log2 = xlog3 5% +20(5%) = 63
xlog2+log2 = xlog3 5%(1+420) =63
zlog2 — zlog3 = —log2 5$:@
z(log2 — log 3) = —log 2 21
_ log 2 =3

log2 —log3 log 5% = log 3

= —biz (see below) vlogh = log3

log 2 v log 3

B log% log 5

~ log 2 19. 2 +3y—18=0
(y+6)(y—3)=0

log 2 Lo
alternatively: z = - L y=3 (rejecting y < 0)
log 3 — log 2 9T _ 3
| =
:iOgg xlog2 = log3
og 5 1
- og3
. log 2
Although they look different, these two answers
are equivalent. 20. (2°)> =22 (2°)+15=0
y> —8y+15=0
15. log 4%* = log 5(*12) (y—3)(y—5)=0
3zlogd = (x + 2)logh y=3 ory=>5
3zlog 2% = xlog5 + 2log 5 27=3 or2* =5
6z log2 = xlogb + 2logh xlog2 =1log3 orxzlog2=1logh
x(6log2 —logh) = 2logh x:10g3 0rx:10g5
21og5 log 2 log 2
r=—
6log2 —logh 21. 2T _ 7
x:2107g5 xlog2 =log7
log &
6% log 7
xr =
log 2
16. log 32+1) — log IS

22. These are single-step problems, following the ex-
(2x 4+ 1)log3 = (3z — 1) log 2 ample of question 21.

2z log 3 4 log3 = 3xlog2 — log 2

23. n must be at least that given by solving
2zlog3 — 3z log2 = —log3 — log 2

z(2log3 — 3log2) = —log6 0.92" = 0.2
x(3log2 — 2log 3) = log6 nlog0.92 = log 0.2
o log 6 - log 0.2
3log2 —2log3 log 0.92
_ log6 =19.3
log % The metal must be passed through the rollers 20
times.
17. 5(2")=3-2"x 2 24. (a) N =200(2.7)"1%3 ~ 270
5(2%) =3-4(2%) (b) N = 200(2.7)°1%5 ~ 330
9(27) =3 (¢) 200(2.7)%' = 1000
(2%) = é 2.791 = 50.1tlog 2.7 = log5
1 log 5
log (27) = log 3 01t = o7
zlog2 = —log3 £ — 10 log 5
log 3 log2.7
= Tlog2 ~ 16.2
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The population first exceeded 1000 on the

17th day.
25. 2.820¢ — 51

20alog 2.8 =log 51

log 51

T 10g28
log 51

‘T 20l0g 2.8
=0.19

The percentage blood alcohol level is 0.19%.

26. (a) N = 100000+ 150000(1.1)~0-%4 ~ 211000
(b) N = 100000+ 150000(1.1)=0-8*8 ~ 182000

100000 + 150 000(1.1) 78" = 135000
150000(1.1) %8 = 35000

35000

150 000
7

30
—0.8tlog 1.1 =log T
30
_ loggl0
log1.1
log %
~ T 0.8logl.l
~ 19.1

11708 =

Sales fall to 135 000 approximately 19 weeks after
the campaign ceases.

27. (a) P =10000(1.08)3 = $12597
(b) P =10000(1.08)7 = $17138

Miscellaneous Exercise 6

1. log2® =logll
zlog2 =log1l
log11

e log 2

2. (a) log, 25 = log, 5°
= 2log, 5
=2p
(b) log, 20 =log,(5 x 4)
=log, 5 +log, 4
=ptq
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(c) 10000(1.08)" = 50000
(1.08)! =5
tlog1.08 = log b
log b
~ log 1.08
~ 21 years
. log 5
(d) it =100
~ 17 years
ii. After the first 8 years,

P =10000(1.14)8
= 28526

thereafter: P = 28526(1.10)!~8 so we
need to solve

28 526(1.10)" =8 = 50 000

Lot _ 90000

T 28526

50000
t—8)log(1.1) = log ————
(t ~ 8)log(1.1) = log S0 o)
T
log 1.1
50000
_ log S5556 18

log1.1
=~ 14 years

(e) (1+7)P =2
147 =25
r=25 -1
~ 0.149
The required interest rate is 14.9%.

(c) log, 80 = log, (5 x 4%)
= log, 5 + log, 4°
= log, 5+ 2log, 4
=p+2q

4
(d) log,0.8 =log, 5

=log,4 —log, 5
=q—p
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(e) log, 20a® = log, (5 x 4 x a®)

= log, 5 + log,, 4 + log,, a®
=p+q+3
log, 4
f) logs4 = —%
(f) logs log, 5
_ 4
p
A (i+3j)
0 P
3 B (21i — 7j)
— 3 —
AP = —AB
10
—_— — 3 — —
OP—OA:E(OB—O )
OF = 208 + - 0A
10 10
= (6.3i — 2.1j) + (0.7i + 2.1i)
=Ti
4. Q = Qo(1 —0.12)" = Q0(0.88)"
For just 5% to remain, % = 0.05 so we must

solve

0.88" = 0.05
tlog0.88 = log 0.05
log 0.05
~ log 0.88

~ 23.4 minutes

If the 5% is a maximum, we should run the pump
for about 24 minutes.

912.4km
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ZABC =360 — 230 — 10
= 120°

d= \/6002 + 4502 — 2 x 600 x 450 cos 120°

~ 912km
sin /BAC _ sin120°
450 9124
4 in 120°
/BAC = sin ! M
9124
~ 25.4°
bearing of C from A = 170 + 25.4
=195.4°
bearing of A from C = 195.4 4+ 25.4 — 180
~ 15°

q:

p = 6sin30°i + 6 cos 30°j
= 3i+3V3j

—8v/25in45°1 + 8v/2 cos 45°j
—8i + 8j

r = —10sin 30°i + 10 cos 30°j
= —5i + 5V/3j

s = 8sin 60°i — 8 cos 60°j
= 4V/3i — 4j
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7. Start by drawing a graph of the left hand side:
y = 2|z +3|—|2z+1] (If you were to attempt this
manually you would need to consider three parts
of the domain, just as you would if you were to
solve it algebraically. T’ll assume that you can
draw the graph, at least with the help of your
Classpad.)

—_t
DO+
Lo+
N
(S NN

(a) There is just one value of = that results in
the left hand side having a value of 3. You
can read this from the graph as shown:

A

Solution: x = —1.

(b) To solve the second equation, superimpose
on the graph the line y = x and locate the
points where RHS and LHS intersect.

EEEERE

(0]

|
&t
1

[ an
1

AT
]

dot
1

1

—
—t
o+
ISCH
NS
S 0
o+

44
-5t
6%

Solution: x = =5, x = 72%, orxz=>5

(c) Tt should be clear from the graph that the

LHS is equal to 5 for any value of = > —%.

1
2

6cm 6cm

Solution: x > —

B C
102 + 102 — 122
A — eog-! 107+ 107 — 127
2 x 10 x 10
~ 1.287
102 + 122 — 102
/B = cos—! u
2x 10 x 12
~ 0.927
/C=/B
=~ 0.927

1
an = iabsinC
1
=3 X 12 x 10sin 0.927
=48
1 2
Ggector A = 5 X 4 x 1.287

10.30

Q

1
Gsector B = 5 X 62 x 0.927

~ 16.69

Ggsector C = Asector B

~ 16.69

Gshaded = @A — Gsector A — Gsector B — Usector C
=48 —10.30 — 2 x 16.69

~ 4.3cm?



CHAPTER 7

Exercise TA

1. (a) ra =2i+3j

(b) rp = 4i + 5§
(¢) rec =i+4j
(d) arp=rp —rg=-2i—2j

)

)

)

)

) ATc=TpA —Tc=1i—]

) ATD =TA —Tp = —2i + 2j
g) pra =rp —ra = 2i — 2j

) Brc =rg —rc =3i+]

) crp =rc —rp = —3i+ 3j

) prc =rp — rc = 3i — 3j

) ra is given

) rp is given

)

CrA =TIc —TIpA SO
rc =cra+ra=2i+j

(d) rp =pra+ra=i+3j
(e) rg is given

(f) rp = prg + rg = —i+ 5j
(g) rg =crp+rp=—3i+2j
(h) ru =nurg+rc=—-2i+j
(i) rr =1ra +rA =51+ 5j
() ity =rr—rjs0

ry=r; —ry = 5i + 2j
(k) 'k =Ty —ygrg = 3i
(1) ry, =r1y — ry, = 4J
3. ra =Ti+ 11j
BraA = —12i — 8j
rg =ra + pra = (—5i + 3j)km.

Exercise 7B

1. AVB = VpaA—Vp = (2i—3j)—(—4i—|—7j) = 6i—10j

2. Avp = (4i+2j) — (Ti—j) = —3i + 3j

3. avp = (3i—2j) — (4i+7j) = —i — 9j

4. avp = (6i+2j) — (3i—j) = 3i + 3j

5. AVB = VA + (—VB)

Chapter 7
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—
. AB represents the displacement from A to B, thus

it is the displacement of B relative to A.
Note the importance of understanding this
result:

—
AB = BTrA

Some of you will get this the wrong way
around if you are not careful!

. I'A:11i—3j

ArB = 78i*8j
rg =rp — arg = 19i 4 5j

lrp| = V192 + 52 = v/386km.

. rA =51+ 2j
Arg = 8i+ 3j
rg =Ta — Al = —3i—]

|rg| = v3%2 4+ 12 = v/10km.

CTa = 20 + 4
CI‘A=—4i—j
rc =ra+cra = —2i+3j

rg=rcg+prc =5 —j

. LHS:

DYE + Erp = (I‘D — I'E) + (I‘E — I'F)

=Ip —TE+TE—IF

=TIp —Ifp
= DIF
= RHS. Q.E.D.

By the cosine rule,

|ave|* = 20? +40% — 2 x 20 x 40 cos 60°

|avE| = 20V/3
~ 36.64km /h
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By the sine rule, 8. Avg =va +(-Vs)

sin(f 4+ 30°)  sin60°

40 20V3
40 x 3
sin(f 4 30°) = ——=-
( ) 20V/3
=1
6 + 30° = 90°
0 = 60°
AVE = 36.64km/h on a bearing of 060°. @ = 180 = 120 (cointerior angles)
= 60°
6. AvB =va + (—VB) a+ 45 =105°

By the cosine rule,

|ave|? = 212 +15% — 2 x 21 x 15cos 105°
|avp| = 28.79km/h

By the sine rule (unambiguous here),

By Pythagoras, sin(120° — )  sin 105°
21 - 28.79
|avp|? = 62 + 8 190° g — i1 2Lsin105°
|ave| = 10km/h I Y
= 44.79°
. 3 0 =120 — 44.79
tan(90 - 9) = 6 _ 75210
90° — 0 ~ 53.13 Avp = 28.8km/h on a bearing of 075°.
0 ~ 36.87°
9. Avp = 11.8km/h on a bearing of 343°.
Avp = 10km/h on a bearing of 037°. VB

7. avB =va + (—vp)

AVB

11.8km/h

60 + (80 4+ o) = 180 (cointerior angles)

a = 40° VA 10km/h
By the cosine rule, 10. avp = 17.3km/h on a bearing of 308°.
—vp

|av|? = 242 +15% — 2 x 24 x 15cos40°
|ave| &~ 15.79km/h

21km/h

By the cosine rule again (since the sine rule would

be ambiguous here), 17.3km/h
10km/h
0460 — cos—! 152 + 15.792 — 242 /
T T 15 x 1579
= 10235 11. va = 7i— 10j
0 = 42.38 i — 23 1 20j
Avp = 15.8km/h on a bearing of 318°. (a) Avg = va — vp = 5i — 30jkm/h

7
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(b) BVA = VB — VA = —5i + 30jkm/h

12. (a) avp =va + (—vp)

o =360 —-90 — 120
= 150°

By the cosine rule,

|avp|® = 122 + 152 — 2 x 12 x 15cos 150°
|avB| = 26.09km/h

By the sine rule (unambiguous here),

sin(6 —90)
15
0 — 90 = sin

sin 150°
26.09
_1 15sin150°
26.09
=16.71°

0 =106.71°

Avp = 26.1km/h on a bearing of 253°.

BVA =VB+ (—Va) = —aVB

(Same diagram with all the arrows re-
versed.)

Bva = 26.1km/h on a bearing of 073°.

13.

mcVear = Vme + (_Vcar)

80km,/h

VIIIC

By the cosine rule,

lmeVear|? = 100? 4 80% — 2 x 100 x 80 cos 150°
lmeVear| = 173.94km /h

By the sine rule (unambiguous here),

sin(90 — #)  sin 150°
100 ~173.94
100 sin 150°
90— 0 =sin™! —_——
T E XY
=16.91°
6 = 73.29°

mcVear = 174km/h on a bearing of 287°.

14. AVB = VA — VB
VB = VA —avp =1—12j
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15. BVA = VB — VA
VB = VA + Bva = —2i + 6j

16. LHS:

AVB +BVe = (VA — VvB) + (VB — V()

= VA — VB + VB — VC

= VA — VC
= AI'C
— RHS. Q.ED.

17. AVB = VA — VB

VB = VA — AVB
=20-30

—10km/h due North

= 10km/h due South

18. AvB =Vva — VB

VB = VA — AVB
=80 —60

= 20km/h due South

19. vg = gva + va
N
A
I
I
I
I
I

a = 180 — 100 (cointerior angles)
= 80°
o+ 60 = 140°

By the cosine rule,

|vp|? = 70% + 100% — 2 x 70 x 100 cos 140°
|avg| = 160.08km/h

By the sine rule (unambiguous here),

sin(100° — @)  sin 140°
100 ~ 7160.08
i . _, 100sin 140°
100° — 6 = sin ~160.08
— 23.68°
6 = 100 — 23.68
= 76.32°

vp = 160km/h on a bearing of 076°.
20. Vwind = wind Vship + Vship = (13i +j)km/h

21. Vwind = wind Vwalker T Vwalker = (4i - 2j)km/h
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22. Vwind = wind Vship + Vship

A
[
[
i

A
wind Vship
15km/h

Vship

By the cosine rule,

|Vaind|? = 25% + 152 — 2 x 25 x 15 cos45°
|Viwind| = 17.88km/h

By the sine rule (unambiguous here),

sin(135° — )  sin45°
15 T 1788
o . _q 15sin4h°
135° — = sin ~Tsg
= 36.39°
6 =135 — 36.39
= 08.61°

Vwind = 17.9km/h on a bearing of 099°. How-
ever, it is usual to give the direction a wind blows
from so:

Vwind = 17.9km/h blowing from 279°.

23. Vyind = windVwalker T Vwalker
3

Vwalker

5km/h

wind Vwalker

By Pythagoras’ Theorem,
|Vwind‘2 = 52 + 32

|Vwind| = v 34km/h

~ 5.83km/h
tanf = §
5
0 = 30.96°

Vwind = D.8km/h on a bearing of 031°. However,
it is usual to give the direction a wind blows from
so:

Vwind = 5.8km/h blowing from 211°.

24. e B appears stationary, so vg = va and B is

travelling due north at 10km/h.

79

e C appears to be moving south at 3km/h.
This means that C is actually moving north
3km/h slower than A. C is travelling due
north at 7km/h.

e D appears to be moving north at 5km/h.

It is actually travelling north 5km/h faster
than A. D is travelling due north at 15km /h.

25. Vwind = windVbird T+ Vbird
A
wind Vbird

22km/h

By the cosine rule,

|Vwind|? = 142 + 222 — 2 x 14 x 22 cos 20°
|Vwind| = 10.06km/h

Without drawing a scale diagram, we don’t know
whether the angle 160° — @ is acute or obtuse, so
the sine rule is ambiguous here. We’ll use the
cosine rule instead.

_, 142 +10.06% — 222

1607 =0 = cos™ — - 7% 10.06
—131.57°
§ — 28.43°

Vwind = 10.1km/h from 208°.

26. e Ship F appears to be moving at the same
speed as ship E but in the opposite direc-
tion (220° — 20° = 180°). This implies that
ship F is actually stationary.

® VG =GVE + VE

GVE

5km/h

|va|? = 5% +15% — 2 x 5 x 15 cos 140°
|vg| = 19.10km/h

sin(f)  sin 140°
15 19.10
15sin 140°
— ain— 1
O =S 010
= 30.31°

ve = 19.1km/h on a bearing of 030°.
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® Vi = HVE + VE

40 4+ o« = 180 — 60 (cointerior angles)
a = 80°

|vi|* = 30% + 152 — 2 x 30 x 15cos 80°
|vig| = 31.12km/h

sin(60° — @) sin80°
15 3112
__, 15sin80°
60 — 0 = sin~! EETRDE
— 98.33°
0 = 60 — 28.33
— 31.67°

v = 31.1km/h on a bearing of 328°.
97. avp = Ti — 10j
AV = 13i — 2j
BVC = VB — VC
= VB — Vc+Va —Va
= VB — VA + VA — VC

= pva + avc (we might have started here)

= —(7i — 10§) + (13i — 2j)
= 6i+8j

80

28. On the same diagram, draw the vectors repre-
senting the speed and direction of the cyclist
travelling east and travelling south. From the
head of each of these vectors draw the line repre-
senting the apparent direction of the wind. Since

Vwind = Veyeclist + wind Vcyclist

with its foot at the origin, the head of
Vwind must lie along this line.  Thus, the
point where these two extended lines inter-
sect must be where the head of wvyi,q lies.

N

A

|

: wind Vridingwest,
M55 20km/h )

450/\( 7 ’
14.8km/h ,*~
25km/h .

wind Vridingsout

30° .
The wind velocity is 14.8km/h from 333°.

29. Refer to comments introducing question 27.
wind Vwalker A

8km/h

‘ynd VwalkerB

The wind velocity is 6.2km/h from 224°.
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Miscellaneous Exercise 7

L. (a) AC=/(AB)2+ (BC)?
_ I6E o8
= V35080
= 187.3mm

(b) AE = /(AF)? + (EF)2
2
NeE
/35080
= T + 1182

= V22694
= 150.6mm
(c) Let 6 be the angle face ABE makes with the
base ABCD.
Let point G be the midpoint of AB.
EF
tanf = —
an e
/EBF = tan~! 112
94/2
= 68.3°

2. (a) Area:%r29 = .5 % 5% x 2 =25cm?
(b) Area=1r2?(0—sinf) = .5x8%(1.8—sin1.8) =

26.4cm?
(c)
o6 8
s1n§ = 1—0
0 =2sin"10.8
=1.85

For the major segment we want the reflex
angle:
a=2mr—60=4.43
1, .
Area = o7 (o — sin )
= .5 x 10%(4.43 — sin4.43)
= 269.4cm?

3. (a) Forz <3, |2z — 6] = — (22 — 6)

—(2z-6) <z
2r+6<z
6 <3z
2<zx
T > 2

Forz >3, |2 —6|=2x—-6

20 —6 < x
r—6<0
<6

Solution: 2 <z <6
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(b) Forz <0, |z| = —=x

3—2x > —x
3>z
r <3

So the inequality is satisfied for all z < 0.
Forx >0, |z| =«

3—-2x>x
3> 3x
<1

Solution: z < 1
(c) Forz < =3, |z +3| = —(z+3)

—(x+3)<x+1
—r—3<x+1
—4 < 2x
—2<x
T > -2
No solution for z < —-3. For z > -3,
|z +3|=x+3
r+3<z+1

3<1

No solution for z > —3.
No value of z satisfies the inequality.

(d) For > —1 this problem is essentially the
same as the previous one which has no so-
lution, so we only need to consider r < —1
and the problem becomes

|z +3| < —(x+1)
For z < =3, |zt + 3| = —(z + 3)
—(z+3) < —(z+1)

—r—3<-—-x-—1
-3< -1

The inequality is satisfied for all z < —3.
For -3<z<-1,|z+3|=2+3

r+3< —(x+1)
r+3<—z-1
20 < —4
r < =2

Solution: z < —2

(a) d=710=2" x1.8=2.26m

(b) d=rf =2 x1=1.26m
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North
A
5.
Lookout-1
d 10
sin80°  sin 30°
g — 10sin 80°
1™ Tsin 30°
= 19.7km
d 10
sin70°  sin 30°
_ 10sin 70°
~ sin30°
= 18.8km
6. a=kb
2i 4 2j = k(zi+ 5j)
r=>5
|b| = |c]

|51 + 5j| = |7i + vj|

V52 4+ 52 = /T2 + 2

50 = 49 + y?
y=1

—

7. (a) BC=-b—-a+3b=2b—a
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OE = OA + AB + BD
=a+b+hb
=a+(h+1)b

S G —

OF = OD + OF

—
= (k+1)0D
2 5
—(E+1)(Cat b
(k- 1)(Cas 2)
5
a+(h+1b=(k+1)(Ga+ D)
a 2(k;1)a:5(k;1)b—(h+1)b

RHS:

_l_

_l_
|
=
I
o

o

c:\cnw‘w

S © Wl Wl
|
>
Il

>
Il
ol @

(a) log, z +log, y = log, zy so p = zy

(b) p=av

(C) 3 loga xr — loga Y= logap

loga ‘7"3 - loga Y= IOgap
3
X
loga ; = logap

p=—
)

(d) 2+ 5logygy = logop
10g19 10° + .510g;y = log;o p
log1( 100 + log;oy”* = log,op
logy 100 + logyo /Yy = logyo p

log,((100\/y) = logy, p
p = 100/y
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9. Let point P be the position of the object after 2
seconds.

prp = 2(3i — 2j)

61 — 4j

PI'B + BIA
=6i—4j+ 8i+3j
=14i—j

Irp = pra +ra
=1i—-j+ -2i+7j
= 12i + 6j

[rp] = 121 + 6]
= 6]2i + j|
=6v22+412
= 6v/5 m from the origin.

Pra
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10.

Flying from A to B:

(300t)? = (40t)* + 600? — 2 x 40t x 600 cos 45°
V2

90000t% = 1600t + 360000 — 48000t x
V2

2252 = 4¢% 4+ 900 — 120t x

0 = 221¢% + 60v/2t — 900
t = 1.835hours

t = 110minutes
Flying from B to A:

(300t)% = (40t)* 4 600% — 2 x 40t x 600 cos 135°
V2

90000t% = 1600t2 4+ 360000 + 48000t x
V2

225t2 = 4t2 4 900 + 120t x

0 = 2212 — 60v/2t — 900
t = 2.219hours
t = 133minutes
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Chapter 8

Exercise 8A

10.

. Common first difference of 2.5

. Cubic, y = 2 (by observation)

Quadratic, y = 22 — 1 (by observation)

Note the common product. Relationship is recip-

rocal zy = —24 so y = _%

. There is a common ratio of % so the relationship

is exponential. y = 128(0.5)*

There is a common first difference of -5, so the
relationship is linear. y = —5z + 13

First differences are -5, -3, -1, 1, 3,5, 7, 9. Com-
mon second difference of 2, so the relationship is
quadratic: y = 22 + 2z — 3

Looks like it might be a common ratio. Checking
gives a common ratio of 1.5; the relationship is
exponential. y = 1280(1.5)*

— linear.

y=2>5x+15

First differences are -12,-10,-8,-6,-4,-2,0,2. Com-
mon second difference of 2 so it’s a quadratic with
a=1 Whenz=0,y=1soc=1.a+b=—-4
sob=—5givingy =22 -5z +1

Looks like it could be a cubic. Construct a table
of differences.

c[4[3[2]-1]J0[1[2]37]4
69 [ 32 [-13] 6| -5[-4] 3 [22]59
[37 19 [ 7 1 [1[7T]19]37]
[-18[-12] 6] 0 [ 6 [12]18]
[6[6]6[G6[6]6]

The common third difference confirms that this
is a cubic. From here you could use your calcu-
lator to find the cubic of best fit, or proceed as
follows.

Exercise 8B

1.

2.

(a) One-to-one ... function
(b) One-to-many ...not a function

(¢) Many-to-one ... function

(e) Many-to-one ... function
(f

)
)
)

(d) Many-to-many ...not a function
)
) Many-to-many ...not a function
)

(a) = maps to unique y ... function
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11.

12.

13.

14.

15.

16.

For the general cubic y = az® + bx? + cx + d.
Constructing a difference table for this gives:

0 1 2 3
d |a+b+c+d|8a+4b+2c+d | 27a+9b+3c+d
‘ a+b+c ‘ Ta+3b+c ‘ 19a + 5b + ¢ ‘
[ 6a+20 | 12a+20 |
6a
Compare this with the corresponding part of the
difference table above and the following results

appear:

T

6a =6 a=

6a 4+ 2b=06 b=

a+b+c=1 c=
d= -5

giving y = 2% — 5.

You might have spotted this by observation with-
out going through all this effort, but this is a
generic approach that will work for any cubic.

This is the absolute value function y = |z| and is
none of linear, quadratic, cubic, exponential nor
reciprocal.

This is is none of linear, quadratic, cubic, expo-
nential nor reciprocal. (It is actually a log func-
tion, y = log, x)

It’s a linear pattern, increasing by 6 each time.
The nt" term is 6n — 1

First differences are 4, 6, 8, 10,12,14. It’s a qua-
dratic pattern where the n'* term is n(n + 1) or
n? +n.

It’s an exponential pattern with each term 3
times the previous term. The n'® term is 2 x 3™.

It’s an exponential pattern with each term twice

the previous term. The n'® term is 3 x 2.

T maps to unique y ... function

r maps to either zero, one or two values of
y ...not a function

x maps to either zero, one or two values of
y ...not a function

) « maps to unique y ... function

(f) @ maps to either one, two or three values of
y ...not a function
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3.

(a) Range={1 x 243, 2x2+3, 3 x 2+ 3,
4x2+3}={5,7,9, 11}

Range={(14+3) x2, (2+3) x 2, (3+3) x2,
(4+3) x 2}={8, 10, 12, 14}
Range={1+1,2+2,3+3, 4+4}={1}
The function machine maps © — z2. The

range is the set of non-negative real num-
bers.

(b)

()
(d)

(a
(b
(
(d

f(4) =5x4-2=18
f(—1)=5x-1-2=-7
(3)=5x3-2=13
(12)=5x12-2=4
(3)+f(2)=(Bx3-2)+(Bx2-2)=21
(5) =5 x5 —2 =23

(
(
(
(

C

)
)
)
)
(e)
(f)
g) f(=5)=5x —5—2=-27

) fla) =5 xa—2=>5a—2

)

)

)

)

)

2a) =5 X 2a — 2 =10a — 2

(

(b
t
(J
(k
§

(m

f
f
f
f
f
f
f

—

a?) =5xa?—2="5%—-2

f(2) =3(5x2-2)=3x8=24

fla+b)=5x(a+b) —2=>5a+5b—2
f(p) =33

5p—2 = 33

5p = 35

p="7

f

[N

5) =52 —3(5)+3=13
—2)=(-2)2 - 3(-2)+3=13
7) = 12a — 21

(m)  g(g) =h(qg)

¢ —-12=¢>—-3¢+3
~12=-3¢+3
—15= -3¢

q=>5
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

h(r) =1(r) + 28
r? —3r+3=(4r —7)+28
2 —3r+3=4dr —7+28
2 —3r+3=4r+21
2 —Tr+3=21
2 —Tr—18=0
(r—9)(r+2)=0
r=9
orr=—2

Add 5 to domain to get range.
{fyeR:5<y<8}

Subtract 3 from domain to get range.
{yeR:-3<y<0}

Multiply domain by 3 to get range.
{yeR: -6 <y <15}

Multiply domain by 4 to get range.
{y e R:20 <y <40}

Multiply domain by 2 and subtract 1 to get
range.
{yeR:-1<y <9}

Here the minimum for the domain maps to the
maximum for the range and vice versa, so the
rangeis {y e R: (1-5)<y<(1-0)}={ye
R:—4<y<1}

Here the minimum value of the function is zero
(when z = 0) and the maximum is 32. The range
is{yeR:0<y <9}

Here the minimum value of the function is zero
(when z = —1) and the maximum is (3 + 1)2.
The range is {y e R: 0 < y < 16}

The minimum value of 2% + 1 is 1 (when z = 0.
The maximum for the given domain is 3% + 1.
The range is {y e R: 1 <y < 10}

Here the minimum for the domain maps to the
maximum for the range and vice versa, so the
range is {y e R: 1 <y <1}

This function has a minimum value of 1 but it
has no maximum. {y e R:y > 1}

Absolute value has a minimum of 0. {y € R :
0<y<3}

Absolute value has a minimum of 0. {y € R :
y >0}

|z| has a minimum of 0 so ||+ 2 has a minimum
of 2. {yeR:y>2}

22 has a minimum of 0 so 2 — 1 has a minimum
of-1. {fyeR:y > -1}

22 has a minimum of 0 so 22 + 4 has a minimum
of4. {yeR:y >4}
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22.

23.

24.
25.

26.

27.
28.

29.

30.

31.

This function has no minimum or maximum, but
it cannot have a value of zero. {y € R:y # 0}

It’s difficult to visualise this function without
graphing it. Use your Classpad to graph it. It
should be clear that the output of the function
can be any real number except 1. {y € R:y # 1}

one-to-one

one-to-one (since every positive number has its
own unique square)

many-to-one (since a positive and negative num-
ber can map to the same square)

many-to-one (as for the previous question)

one-to-one (any number can be the square root
of at most one other number)

The natural domain of the function is {z € R :
x > 0} (since the function is not defined for neg-
ative x), and it is a one-to-one function (like the
previous question).

Both = and y can take any real value.
{reR}, {yeR}

x can take any real value, but y can not be neg-
ative.

{reR}, {yeR:y>0}

Exercise 8C

1.

(a) z — f(z) — gf(x)
0—1— -1
1—-2—-1
2—-3—3
3—4—5

4—=5—=7
Range is {-1, 1, 3, 5, 7}.

(b) = — g(x) — fg(z)
0—-3—-2
1—--1—0

2—-1—2
3—3—4

4—-5—6
Range is {-2, 0, 2, 4, 6}.

(c) = — g(z) — gg(x)
0—-3—-9
1—-—-1— -5

2—-1— -1
3—-3—-3
4—5—-7

Range is {-9, -5, -1, 3, 7}.
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32.

33.

34.

35.

36.

37.

38.

39.

2.

Neither x nor y can be negative.
{reR:2>0}, {yeR:y>0}

x must not be less than 3 (so that z — 3 is not
negative) and y can not be negative.
{reR:2>3}, {yeR:y>0}

x must not be less than —3 (so that x + 3 is not
negative) and y can not be negative.
{reR:z>-3}, {yeR:y>0}

x must not be less than 3 (so that z — 3 is not
negative) and y can not be less than 5.
{reR:2>3}, {yeR:y>5}

Neither x nor y can be zero.
{reR:x#0}, {yeR:y#0}

Neither x — 1 nor y can be zero.
{reR:x#1}, {yeR:y#0}

Neither « — 3 nor y can be zero.
{reR:2#3}, {yeR:y#0}

x — 3 must be non-negative and non-zero and y
similarly can be neither zero nor a negative num-
ber.

{reR:2>3}, {yeR:y>0}

(a) @ — f(x) — gf(a)
1—-4—9
2—5—16
3—-6—25
Range is {9, 16, 25}.
(b) @ — h(z) — gh(z) — fgh(z)
1-1—-0—-3
2—8—49 — 52
3 — 27— 676 — 679
Range is {3, 52, 679}.
(©) == fx) — gt(z) — hgf(z)
1—-4—-9—729
2 — 5 — 16 — 4096
36— 25 — 15625

Range is {729, 4096, 15 625}.
(a) Domain: {z € R}; Range: {y € R}
(b) Domain: {z € R}; Range: {y € R}

(¢) f(x) +g(x) = (& +5) + (x —5) = 2z
Domain: {z € R}; Range: {y € R}

(@) f(x) — g(x) = (& +5) — (2 — 5) = 10
Domain: {z € R}; Range: {10}
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(e) f(x)-g(x) = (x+5)(x—5)

=z -25
Domain: {z € R}; Range: {y e R:y >
—25}
f(x) x+5
0 D _ 27
glx) x—5
_(x—=5)+10
B T—95
10
= 1 _—
+ T =5

Domain: {z €ER:z # 5}; Range: {y e R:
y# 1}

a) 53 = 1oy = &f(@)

) V3z+2 = +/I(z) = hi(x)
() $4+2=3x24+2=23g(z)+2="g)
(d) 3z +2=3h(z)+2=fh(z)
(&) % = ity = &)

(1) /2 = V/al@) = he(z

(g) 92+8 = (92+6)+2=33Bx+2)+2 ={{(x)

(h) 202 = \/\/Z = hh(z)

(i) 272z + 26 = 3(92 + 8) + 2 = f f f(x)

) fof(z)=2(f(z)) -3
=2(2x—-3)—3
=4 —-6-3
=4x -9

(b) gog(x) =4(g(x)) +1
=44z +1)+1
=16z +4+1
=16z +5

(¢) hoh(x) = (h(x))> +1
=@+ 1) +1
=2t 2t 141
=zt +222 42

(d) fog(x)=2(g(x)) -3
=2(4zx+1) -3
=8r+2-3
=8z —1

(e) gof(x)=4(f(x)) +1
=422 -3)+1
=8r—12+1
=8x—11

(f) foh(x)=2(h(x))—3
=2(z*4+1)-3
=2:24+2-3
=227~ 1

(8) hof(z) = (f(z))* +1
=(2r-3)*+1
=4a2? 122 +9+1
=42% — 122+ 10
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goh(z) =4(h(z)) +1
=4(z*+1)+1
=d? +4+1
=422 45

hog(z) = (g(x))* +1
= (dz+1)*+1
=162+ 8z +1+1
= 1622 + 8z + 2

fof(x)=2(f(z))+5
=2(2x+5)+5
=4 +10+5
=4z + 15

gog(z) =3(g(x)) +1
=303z +1)+1
=9 +3+1
=9x +14

2
42
2
T+ 2
fog(z) = 2(g(a)) + 5
=2Bz+1)+5
=6x+2+5
=6x+7
gof(x) =3(f(z)) + 1
=3(2x+5)+1
=6x+15+1
=6x + 16

foh(z) = 2(h(z)) + 5
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10.

11.

12.

13.

2

g(z)
2
3r+1

(i) hog(x) =1+

|

3)=(3)+3=12

|
w
o
Il
—
w
S~—
[\v]
_|_
w
|
—_
o

() {weR:iz#0}—|gl@) =L {yeRiy+0}

h) It may be useful to think of these com-
Yy
pound functions as sequential mappings,
something like

{o} 12 fuy 2 ()

where {z} is the domain of the compound
function and {y} is its range. The interme-
diate set {u} is the intersection of the range
of f and the domain of g. Thus to deter-
mine the natural domain we work right to
left, then to determine the range we work
left to right.

f(J,)
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The whole of the range of f(x) lies within the
domain of g(x) (since the only real number
excluded from the domain of g(x) is 0 and
this is outside the range of f(z)) so there is
no additional restriction to the domain and
the domain of gf(x) is the same the domain
of f(z): x € R.

When the domain of g(z) is restricted to the
range of f(z) (i.e. z € R: z > 3) the range
isyeR:0<y< 3.

R gf() > {yeR:0<y < i}

There are two main ways of graphing this
on the ClassPad 330.

From the Main app
Interactive->Define
Func name: f
Variable/s: x
Expression: x"2+3
OK

[re g ]

Func narme:|f

\ariabless: |ar

Expression: | a"2+3

mth |abc [cat | 2D

cfiy |MATH] SFACE [SHMELJEXE

Alg Decimal  Real Bad gm] |
Interactive->Define

Func name: g

Variable/s: x

Expression: 1/x

OK

8((x))

Tap the graph icon then highlight g(f(x))
and drag and drop it onto the graph.

Define F{ali=a"2+3 e
done
Define g{ali=1/a
done
g {f{add
1

x213
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14.

From the Graph&Tab app
yl=x"2+3

y2=1/x

y3=y2(y1(x))

Tap the graph icon.

V Edit Zoom Analvsis # ]

Fwl= 2+3
Ey2=1

x
Ewd= w2 (wl(x])
Owd:iQ
Ow3:i0O
Owa: 0

Fad FReal E |

Note that to enter y2(y1(x)) you must use
y in the abc tab, not the y button on the
keyboard or under the VAR tab.

Once you have obtained the graph you can
examine it in all the usual ways.

The whole of the range of g(x) lies within
the domain of f(z) (since f(x) is defined for
all real numbers) so there is no additional
restriction to the domain and the domain
of fg(z) is the same the domain of g(z):
{r eR:z#0}.

When the domain of f(z) is restricted to the
range of g(z) (i.e. z € R: z # 0) the range
isyeR:y>3.

{xGR:x#O}HH{yGR:y>3}

(a) £(5) =25 — (5)2=0

(b) f(=5) =25 (=5)2 =0

0 %[GR pery <)
(g) {IERI.TEO}H*){yE]RZyZO}
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(h) gf(z) :

{reR:-5<z<5}

f(x)=25—2>
{ueR:0<u<25}
g(z)=vz
=
{yeR:0<y <5}

Hence the domain is {x e R: =5 <z < 5}
and the range is {y e R: 0 < y < 5}.

(i) fg(=) :
{reR:z>0}
g(z)=v=
{ueR:u>0}

f(z)=25—=>
e —
{yeR:0<y<25)

Hence the domain is {x € R: 2z >0} and
the range is {y e R: 0 <y < 25}.

15. (a) g(x) is not defined for x = 3 so we must
exclude z = 1 from the domain. go f(z) :
{reR:x#1}
f(x)=z+2
-
{ueR:u#3}
gx)=515
_—
{yeR:y+#0}
Hence the domain is {x e R: 2z # 1} and
the range is {y € R: y # 0}.
(b) fog(x):
{reR:x+#3}
g(x)z,,ig
{u e R:u#0}
f(x)=z+2
—_
{yeR:y+2)
Hence the domain is {x € R:z # 3} and
the range is {y € R: y # 2}.
16. (a) gof(x):
{zreR:z >0}
H(o)=\/7
—_
{ueR:u>0}

g(x)=2z—1
-
{fyeR:y> -1}

Hence the domain is {x € R: 2z >0} and
the range is {y e R:y > —1}.
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(b) fog(x):
The input to f must be non-negative so for
g
20 —1 >0
2¢ >1
x> 0.5

{reR:z>0.5}
g(x)=2z—1
S

{ueR:u>0}
@)=V
—_—

{yeR:y>0}

Hence the domain is {x € R: 2 > 0.5} and
the range is {y € R: y > 0}.

17. (a) gof(x):
{r eR:z#0}
f(at):wi2
_—
{ueR:u>0}
g(x)=vaz
-
{yeR:y >0}

Hence the domain is {z € R:xz # 0} and
the range is {y € R : y > 0}.

(b) fog(x):
{reR:z>0}
glz)=vz
L=
{ueR:u>0}
f(:c):a%2
_
{yeR:y >0}

Hence the domain is {x € R: 2z > 0} and
the range is {y € R : y > 0}.

18. The natural domain of g(z) = z is {x € R :
x > 0} and the corresponding range is {y € R :
y > 0}. All of this range lies within the natural
domain of f(z) = 43 so f(z) is defined for every
element in the range of g(x) and hence f [g(z)] is
a function for all z in the natural domain of g(x).

The natural domain of f(z) = = + 3 is R and
the corresponding range is also R. However
g(z) = y/z is only defined for {x € R: z > 0} so
g [f(z)] is undefined for values of x that result in
f(x) < 0, i.e. x < —3, even though these values
lie within the domain of f(z).

1

19. The natural domain of g(z) = —5 is {z €
R : = # 5} and the corresponding range is
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20.

{y € R:y # 0}. All of this range lies within
the natural domain of f(z) = z + 3 so f(x) is de-
fined for every element in the range of g(x) and
hence f [g(x)] is a function for all z in the natural
domain of g(z).

The natural domain of f(z) = = + 3 is R and
the corresponding range is also R. However
g(z) =
g [f(x)] is undefined for the value of x that results
in f(z) = 5, i.e. & = 2, even though this value
lies within the domain of f(x).

—L_is only defined for {x € R : z # 5} so

r—>5

(a) gof(x):

f(x)=22-9

{z} fuy S22, g

The natural domain of g(x) is {x € R : © #
0} so we must exclude 0 from the output of
f(x) and hence limit the domain such that

22— 9#0

(x+3)(z—3)#0
T # —3

and x # 3

The domain of g o f(z) is

{reR:x#-3,2+#3}

This, then, givesus {x € R: 2 > —9,x # 0}
for the domain of g(z). To determine the
range, consider this domain in parts:

z 1
{xeR:—9§x<o}ﬂlwyeR:y§—§}
and

{meR:x>O}ﬂ{y€R:y>0}

The range of g o f(x) is
1
{yeR:y<—gtUlyeR:y >0}

fog(x):

glz)=2 f(x)=22-9

{z} {u} {v}

The natural domain of f(z) is R so we need
place no additional restriction on the natu-
ral domain of g(x)

The domain of f o g(z) is {x € R: z # 0}.
This gives us {x € R : © # 0} for the do-
main of f(x). The range then is the nat-
ural range of f(z) excluding f(0) = -9,
ie. {y € R:y > -9y # —9}. This
simplifies to give the range of f o g(z) as
{yeR:y> -9}
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Exercise 8D

1. (a) Yes. All linear functions have an inverse on
their natural domains except those in the
form f(x) = k.

(b) Yes (linear)

(c) Yes (linear)

(d) No. Quadratic functions do not have an in-
verse on their natural domains.

(e) No (quadratic)

(f) No (quadratic)

(g) Yes. All reciprocal functions have an inverse
on their natural domains.

(h) Yes (reciprocal)

(i) No. Does not pass the horizontal line test
because f(—z) = f(z) (so it’s not a one-to-
one function).

~Y(z) =  + 2; domain R, range R

f
3. f71(z) = ££3; domain R, range R
f

4. f7Y(z) = %22; domain R, range R
5 1
’ L —
1
r—4=—
Y
1
T=-+4
Y
_1 1
7 (x)==+4

x
Domain {z € R: x # 0}, range {y € R: y # 4}

6. f~'(z) = L — 3 (following the pattern of the pre-
vious question); domain {z € R : z # 0}, range
{yeR:y# -3}

1
7. =
Y 20 — 5
1
20— 5= —
Y
1
2r=—-+45
Yy
1
33:5—1-5
2
1 5
2y 2
1 5
fHe)= — 4=
@) =5: 72 ]
Domain {x € R:z # 0}, range {y e R: y # 5}
1
8 =1
Y +2—i—:1c
Lo !
Y 241
1
2 = —
+x y—1
1
r=——-—2
y—1
1
f~1(z) = -
(@) =——
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Domain {z € R:z # 1}, range {y € R: y # —2}

1
R A
1
3_y:x—1
1
m—l—m
1
x—ﬂ—i—l
1

f_l(x)zgi—kl
-z
Domain {z € R: z # 3}, range {y e R:y # 1}

10. y:4+2x_1
_ 2
A |
2:10—1:i
y—4
_ 2
11
r=y—ata
. 1 1
f (LL'):I74+§

Domain {z € R: z # 4}, range {y e R: y # 1}

11. f=Y(z) = 2?; domain {z € R : z > 0} (because
that’s the range of f(z)), range {y € R : y > 0}
12. y=vz+1
V=x+1
T = y2 -1
() =2 -1
Domain {x € R : z > 0} (range of f(x)), range
{fyeR:y>-1}
13. y=v2z—3
y? =22 —3
2r = y? +3
x = v 3
2
2
3
1 (z) = ’ ;_
Domain {x € R : z > 0} (range of f(x)), range
{yeR:y>3}
- _ 25
z—1
16. y=1+-=
x
2
y—1=-
x
2
=2
y—1
2
h(z) =
(@) = —
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17. We expect f o f~1(x) = z since f and f~! are A
inverses. Demonstrating that this is true: 2"/' 7
—5 o
fof ' (2) = f(*57) /"
T —5 %
=25 RS 1 2 @
=(x—-5)+5 7
=X ////
= 25y
18. Similarly for f=1 o f(z):
(b) Not a function.
£t of(x) = f~1 (22 +5) (¢) Is a function, but not one-to-one.
(2r+5)—5 (d) Not a function.
B 2 (e) Not a function.
_ 2= (f) Yes, this is a one-to-one function.
2
=z
19. foh™(z) = f( 2 )
z—1
2
=2 5
(=) +
-
a1
20. fog(x)=fBx+1)
=20@z+1)+5 24. Restricted domain of f(z): >0
=6r+2+5 f~1(z) =z -3
—6x 47 Domain and range of f~1(z):
(fog)_l(x):xg7 {reR:2>3} {yeR:y>0}
Alternatively: restricted domain of f(x): z <0
21 gflofflzgfl(xff)) f_l(x)‘:—\/m—3
2 Domain and range of f~1(z):
=5\ __ 1
:% {xreR:2>3} {yeR:y<0}
_ (%) -3 25. Restricted domain of f(z): = > —3
3 f=1(z) = o -3
=7 : -1 .
_ 5 Domain and range of {~(z):
m?,_7 {xreR:2>0} {yeR:y>-3}
G Alternatively: restricted domain of f(z): z < —3
L f~1(z)=—-yr -3
22. fo g(x)_l = f(x ; ) Domain and range of f~1(z):
-1 R:x2>0 R:y<-3
2% — 9 26. Restricted domain of f(z): > 3
=3 0 Pl (z) =V —2+3
27 —2 15 Domain and range of f~1(z):
IRE 3 reER:z>2 eER:y>3
2 -2+15 ¢ 22 lveR:y>3
N 3 Alternatively: restricted domain of f(z): z <3
_ 22413 ()= —Vor—2+3
3 Domain and range of f~1(z):
23. (a) Yes, this is a one-to-one function. {reR:z>2t {yeR:y<3}

92



Miscellaneous Exercise 8

27. Restricted domain of f(x): 0 < <2
=1 (z) = V4 — 22

Domain and range of f~1(x):

{reR:0<x<2} {yeR:0<y<2}

Alternatively:

Miscellaneous Exercise 8

1. €' =27 x 6350 cos 40° = 30 564km

2. (a) Domain: {x e R:2 <z <4}

Range: {y e R: -1 <y <3}

(b) Domain: {z e R: -1 <z <3}
Range: {y e R:2 <y <4}

(d) y=(r-27°-1
y+1=(r—2)>
172:\/yﬁ

x=\/y—|—71+2

la)=Vr+1+2

3. y =loggx
10y =z
f~1(x) = 10”

93

4.

restricted domain of f(z): —2 <z <0
=1 (z) = —V4 — 22

Domain and range of f~1(z):

{reR:0<2<2} {yeR:-2<y<0}

| "¢f Edit Zoom Analysis # IEII

Ewl=1ogix)
E"_-.-'2=1E|x
Ew3==x
Owd4:-n0O
Ow3:-0
Ow&- 0O
O+7:-0

[ T = |

FEad Real

(a) Distance of initial position from lookout:

100m
17°

100

d
100

- tan 17°
~ 327Tm

tan17° =

Distance of final position from lookout:

100m

1
tan12° = E

100
tan 12°
~ 470m
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Distance travelled:

u >

327m 470m

d = /4702 — 3272
~ 338m
338

b a="22
(b) Spee 10

= 33.8m/min
= 33.8 x 60
= 2029m /hr
= 2.0km/h

5. (a) Translate up 5. Maximum t.p. (—1,26);
Minimum t.p. (3, —6).

(b) Translate down 5. Maximum t.p. (—1,16);
Minimum t.p. (3, —16).

(¢) Reflection in y-axis. Maximum t.p. (1,21);
Minimum t.p. (=3, —11).

(d) Reflection in x-axis. Minimum t.p.
(-1, —21); Maximum t.p. (3,11).

(e) y-dilation (x3 enlargement). Maximum t.p.
(=1, 63); Minimum t.p. (3, —33).

(f) z-dilation (+2 reduction). Maximum t.p.
(—0.5,21); Minimum t.p. (1.5, —11).

6. Area=area of rectangle 4+ area of segment
Area of rectangle=200 x 80 = 16 000cm?

Area of segment: Ra-
dius:
D T C
r = /1002 + 402 ooy
\ 1100¢m
= 107.7cm N
Angle: \\i//
200cm X
t 9 40 // \\
an - = — FAERN
2 100 ; N
9 1 // \\
— =tan 0.4 / \
3 an ) .
f=2tan"10.4 A 80cm B
=0.761%

1
Area = —r*(f — sin )
1
=5 x 107.7%(0.761 — sin 0.761)
= 414cm?
Total area=16 000 4 414 ~ 16 410cm?

7. (a) {yeR:y =0}
(b) {yeR:y >3}
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(c) {yeR:y >0}
(d) {yeR:y >0}
() {yeR:y >3}

() {yeR:y >0}

sinf)  sin135°
2
0 — sin-1 sin 135°
2
=20.7°

360 — 20.7 = 339.3°

The person should row on a bearing of 339°.

Distance to travel = ﬁ =42.43m
Speed:
S _ 2
sin(180° — 135° — 20.7°)  sin 135°
_ 2sin44.3°
"~ gin135°
= 1.16m/s

4243 ~
Tlme—m = 36.46 ~ 36s.

. The critical value of 5 can only be achieved if

one of the absolute values changes sign at x = 5,
implying a = —5.

Forx <8 and z <5

—(z—8)=—(x—5)+b
—r+8=—-x+5+b
8=5+b

b=3
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B
60°
T
10.
C A
45°
3v2 Yy
D
A
tan 60° = —C
T
AC = ztan 60°

= \/gx

95

Using the cosine rule in triangle ACD

y? = AC? + CD* — 2 x AC x CD cos 45°
= (V32)? + (3v2)" - 2(V32)(3V2) (?)

=322 +18 — 6V3z
= 3(2? — 23z +6)

y= \/3(x2 —2V/3z + 6)

Q.E.D.



CHAPTER 9

Chapter 9

Exercise 9A

No working is needed for questions 1-5. Refer to
the answers in Sadler.

6.

(a)

r=1+/32+32
=3v2

f is in quadrant I.

tanf = -

an 3
™
0=—
4

Polar coordinates are (3v/2, T).

r=1/12 4 (V/3)2

=2
f is in quadrant I.
tanf = @
1
=1

Polar coordinates are (2, 7).

(—2v/3)2 + 22

r =

=4
f is in quadrant II.

tanfd = L
,2\/3
1

V3
g5
6
Polar coordinates are (4, 27).

r=/(-2v3) + (-2

=4
f is in quadrant III.

_2\/§

_1
V3
Vs

0= —

6

Polar coordinates are (4, £F).

7’:5,9:37”

Polar coordinates are (5, 2).

= VAT
=7V2

0 is in quadrant IV.

tanf =

tanf = —
an 7

T
b=7

Polar coordinates are (7v/2, ).

r=1,0=mx
Polar coordinates are (1, ).
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(h)

r=/(=5)2 + (—5v3)2

=10
0 is in quadrant III.
—5v/3
=5
V3
i
3
Polar coordinates are (10, 47).

tanf =

x = 4cos 30°

—2V3
y = 4sin 30°
1

=4 x =
2

=2
Cartesian coordinates are (2v/3,2).

z = 10 cos 135°

3
_0x_Y2

2
=-5v2
y = 10sin 135°
V2

=10 x —
2

=5v2
Cartesian coordinates are (75\/5, 5\@)
x = 3cos(—90°)

=0
y = 3sin(—90°)

= -3

Cartesian coordinates are (0, —3).

x = TvV2cos(—135°)

2
= 7V2 x —£
2
=7
y = 7V2sin(—135°)
=T7V2 x —Q
2
=7
Cartesian coordinates are (—7,—7).
x = 3cos40°
=2.30
y = 3sin 40°
=1.93

Cartesian coordinates are (2.30,1.93).
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(f) = =5cos(—50°)
=3.21
y = 5sin(—50°)
= —3.83
Cartesian coordinates are (3.21, —3.83).
(g) x=4cosl70°
=-3.94
y = 4sin 170°
=0.69

Miscellaneous Exercise 9

1. 3 1=5
log 3~ = log5
(x —1)log3 =logh

- log 5
~ log3
1
v ogb 1
log 3
2. 3% -1=5
3*=6
log 3* = log 6
zlog3 =log6
log 6
Tr =
log 3

3. (a) log,64=3

3 =64
z = /64
=4
(b) log, 64 =2
r? =64
x =64
=8
(c) log,64=6
2% =64
z = V64
=2
(d) logyp100 =z
=2
(e) log17 —log2 = logx
10g1—7:33
2
17
)

97

4.

Cartesian coordinates are (—3.94,0.69).
(h) 2 = 10cos(—100°)
=-1.74
y = 10sin(—100°)
= —-9.85
Cartesian coordinates are (—1.74, —9.85).

(f) logl17+log2 =logx
log(17 x 2) = logx
=34
(g) logV2 = xlog?2
logZ% =zxlog?2
1
§log2 = xlog?2

==
2

(h) 3log2=logz
log2® = log

r=28

(a) f(—21)=1— ——

1—
1

2
(¢) Domain: the square root may not be nega-
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tive so Now test one of the three intervals delimited by
these two solutions.
4—x>0
r<4 e < —2

Try a value, say -3:

In addition, the denominator of the fraction ?
Is it true that |(—3) 4+ 6] < |2(=3)| ?

may not be zero so

Yes (3 < 6).
Vi—z#0
4—x#0 Solution set is
T #£4
{reR:z<-2}U{zeR:z>6}
Combining these we obtain a domain {z €

R:z <4}

(d) Range: the fraction can not be zero, nei-
ther can it be negative (since both numera-
tor and denominator are positive), so y < 1
and the range is {y e R: y < 1}

North
A

(e) Domain and range of f~1(x) are the range 7
and domain respectively of f(z). Domain:
{r e R:z < 1}; Range: {y e R:y <4}

1
= 1 —
4 4—x
1 Let x be the straight line distance AB
vi—x
1 3% = 2% + 2% — 22 x 2cos 24°
4_x:1_y 2% — (4cos24°)x +4 =9
1 \? o = 4.715km
4—p=|—0
’ <1 - y>
1 \2 (ignoring the negative root.)
e=4- (1 - y) The road route is 2 + 3 — 4.715 = 0.285km (or
A 1 about 300m) longer than the straight line dis-
- (1—1y)2 tance.
ffl(x) —4_ n alternative to solving this algebraically wou
1 An al i lving this algebraicall 1d
(1—x)? be to use the geometry app in the ClassPad to

construct a scale diagram.
—

5. (a) PQ=Q - P
= (131 — 2j) — (=71 + 13j)

¥ File Edit Yiew Draw

_ 90i — 15§ i |w] 4. 714656 | 4]
PQ = /202 4 152

=25
PR:PQ= 3:5 so PR=2PQ= 15 A

RQ=PQ-PR= 25 — 15 = 10units
- = 33—
(b) K =P +:PQ

= (=7i+13j) + 2(201 — 15j) \

= (—=7i+ 13j) + (12i — 9j)
= 5i + 4j
(c) OR= /52 + 42 = \/41 = 6.4units.

6. First solve |z + 6] = |2z|: "
rz+6=2x or z+6=—2x
r=06 3x = —6
=2 i

98
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60m .

A¥-
First consider AABD to determine the length

AB:
D

60m

N L \28°
B

60

AB

60

" tan 28°

=112.84m

tan 28° =

Next consider ACBD to determine the length
C]:l?:

g
S
ey
17°/""--c
B
60
tan17® = —
anl7 B
60
" tan17°
= 196.25m

Finally consider AABC to determine the length
and direction of AC:

196.

B_I 96.3m _ C
E ///
@ //
3 -7 d
— Ve

0 -

‘\///

A’

d = +/112.842 + 196.252

= 226.38m
tan 0 — 196.25
112.84
6 =60.10°

C is 226m from A on a bearing of 060°.
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80 — 60
—9) =
(a) cos(m —0) )
20
— @9 =cos =
71' cos™ o5
=1.23
0=m—1.23
=191
(b) I =160 =60 x 1.91 ~ 115cm
3
10. fog(x) =1f(2x —1) gof(z)=g <x)
3
= 3
- —2(2) -1
2z — 1 (m)
x

f o g(z) has domain determined by 2z —1 # 0 so
the domain is {x € R: x # 0.5}

The range of f o g(x) is {y € R: y # 0}.

g o f(z) has domain {z € R : z # 0}.

The range of g o f(z) is determined by g # 0 so
§ 1+ —1and therange is {y € R:y # —1}.

11. Let the original quantity be ¢q. The amount re-
maining after ¢ years is ¢(0.95)".

q(0.95)" = 0.2¢
0.95" = 0.2
log(0.95)" = log 0.2
tlog0.95 = log 0.2
log 0.2
" 1log0.95
=314

The company can expect the field to remain prof-
itable for 31 years. It will become unprofitable
part-way through the 32nd year.

12. (a) log.5 =log, %
= log,. 10 —log, 2
=q-p
(b) log, 40 = log, (2% x 10)
= 2log.2 +log, 10
=2p+gq
(c) log,200 = log.(2 x 10?)
=log,.2+ 2log, 10
=p+2q
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13.

(d)

(e)

(d)

log,(8¢) = log, (2% x c)
=3log,2 +log,.c
=3p+1

o(log, 10) _ 1

log.2°2219) — Jog 10

log, 101og, 2 = log, 10

log,. 10
log, 10 = log, 2
_4
p
10002 — 2

10g:101°82) = log 2
log 2log,. 10 = log,. 2

log, 2
log2 = =
8 log,. 10

p

q

crA = CIB + BTaA
= (6i — j) + (4i+ 5j)
= 10i + 4j

AC = /102 + 42
=116
=229

rc =cra +ra
= (10i + 4j) + (—4i + 6))
= 6i + 10j

ra +0.5AC = (—4i + 6§) + 0.5(10i + 4)
= (—4i + 6§) + (5i + 2j)
=i+38j
Points P; and Ps lie on the y-axis, so x = 0
for both. For Py, y=|z —a|=|0—a| =a
so the coordinates of Py are (0,a).
For Py, y = |0.52 — b| = ]0.5(0) — b] = b so
the coordinates of Py are (0,b).

Since P; is above Py we can conclude a > b.

For Py, |z —a| = 0 so z = a and the coor-
dinates are (a,0).

For Pg, |0.52 —b] = 0 so x = 2b and the
coordinates are (2b,0).

At P3,

—(z —a) = —(0.52 —b)
r—a=0bxr—0b

0.br=a—-"
x=2a—2b
y=—(z—a)
=—(2a—2b—a)
= —(a — 2b)
=2b—a

100

15.

so the coordinates of P3 are (2a — 2b,2b— a)
At Ps,

x—a=—(0.5z—0b)
r—a=—-05x+0b
1bx=a+0
2a 4+ 2b
3
y=x—a
2a + 2b

= —a

3
2a + 2b — 3a
3
_2b—a
3

xTr =

so the coordinates of P5 are (Z“T“b, %T_“)

y=lz—a

y =10.5z — b|

Py P6
Regions A, E and G.

y=|r—a

Y
Py

P

(f)

Region C.

Y
Py
Py

(2)

. P4 Pﬁ z
Regions B and F.
y
Py
P,

Region D

(a) AC = 2AB = 2b

(b) AF = AB+BF = b+ 1b = 4b

() DC=DB+BC=a+b

(d) EC=ED+DC=b+a+b=a+2b

(¢) EG =ED+1DC =b+1L(a+b) = Lta+3b

(f) GF = GC + CF = 1(a+b) + 2(~b) =
%a—%b
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( a—éb) 5(a+b) — k(a+2b)
b

3ha—h a—|—b—2ka—4kzb
6 2
3ha — hb = 3a + 3b — 6ka — 12kb

3ha — 3a + 6ka = 3b — 12kb + hb
(3h+ 6k — 3)a = (h — 12k + 3)b

3h+6k—3=0
h+2k=1
h—12k+3=0
h—12k = -3
14k =4
2
k=—
7
2
h+2=-]=1
~2()
4
:1——
7
3
h=—
7

101
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