SADLER UNIT 3 MATHEMATICS
SPECIALIST

WORKED SOLUTIONS

Chapter 1: Complex numbers, a reminder.

Exercise 1A

Question 1
a J—64 =+/64i* =8i V=61
8+
N
b \/—_8:\/8i2 :2\/§i 2v2-i
V=10
. . V10
c J-10 = 10> =101 3 v
3VTei

)

d V63 =632 =37

Question 2

Alg Standard  Cplx Deg | @m

a Given z=-5+3i, Re(z)=-5

b Given z =-5+3i, Im(z) =3

Question 3

a Given z=12-5i, Re(z) =12

b Given z=12-5i, Im(z) =-5
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Question 4

—b++/b* —4ac

2a

Given X =

a If x> -3x+3=0,then a=1,b=-3 andc =3.

~(=3)£y(-3)’ —4x1x3 3343
2

= 2x1

33 _3:V3i_3 V3.
2 2 22

3,33 W3,

EEE IR

b If X’ +4x+7=0,then a=1,b=4andc=7.
—4 N4 —4x1xT  —4+~-12
2x1 2
_ + =2 _ + -
_ AV 4_2\/§|=—2i\/§i
2 2
X =-2+/3i, —2 -3

c If 3> —=x+1=0, then a=3,b=—1and c=1.

—(=1)£+J(=1)> —4x3x]1 _1x-11

X =

X =

2x3 6
IR ESVITRN SV TINN BRI
6 6 6 6
1 Vit 1 Vil
X=—F+—i,————
6 6 6 6

d If 5x*+8x+4=0,then a=35,b=8 andc =4.

solve (x*2-3x+3=0, x)
{x= 3 V3-i
2 2
solve (x™2+4x+7=0, x)
{x=—2—v3+i,x=—2+V3-i}
solve(3x™2-x+1=0, x)
{Fl_m-i X=L+m+i }
6 6 ' 6 6
solve ( 5x "~ 2+8x+4=0, x)
{x==0.8-0.4+i,x==0.8+0. 4+1}

REH

=3
T2 2

Alg Decimal Cplx Deg

—8 482 —4x5x4 —8+/-16 —8++/16i

X = = =
2%x5 10 10
—§+4i_-8 4.
10 10710
4 2 4 2.
X=-— ,—— — =i
5 5 5 5

X=-0.8+0.4i, —0.8-0.4i
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Question 5

BG+7)+R2-1)=3+2+7i—I
=5+0i

Question 6

(1-2i)-(3-2i)=1-3-2i —2i
=2

Question 7

12+4i-2-5i=12-2+4i-5i
=10—1i

Question 8

6-i+3+4i=6+3—i+4i
=9+3j

Question 9

A+i)+(3=20)+(4—i)=8-2i

Question 10

2(5-2i)+2(-5+3i)=10—4i—10+6i
= 2i

Question 11

7(1-30)+15i =7-21i +15i =7 - 6i
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(3+Ti)+(2-1)

B+i+5H
(1-2i)-(3-21)
-2
12+4i-2-5i
—-i+10
G-i+3+4i
3.i+9
(1+i)+(3-2i)+(4-1)
=2+i+8
expand {2{5-21)+2 (=5+3i))
24
expand (7 (1-3i)+15i)
=Gi+7
expand (5+3(4+4+2i))
B+i+17
O
Alg Decimal Cplx Deg




Question 12

5+3(4+2i)=5+12+6i

=17+6i
Question 13
Re(5+2i)+Re(=3+4i)=5-3
=2
Question 14
Im(-1-7i)+Im(3+2i)=—7+2
-5
Question 15
(5-2i)(2+30) =10 +15i — 4i — 6i°
=10+11i+6
=16+11i
Question 16
GB+D)(B+2i)=9+6i +3i+2i°
=949i-2
=749i
Question 17
Q+0)2-i)=4-2i+2i -
— 4
=4-(-1)
=4+1
=5
Question 18

(=2+70)(7 = 2i) = — 14+ 4i + 49i — 14i’
= —14+53i—14(-1)

~14+53i+14

= 53i
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expand ( (5-2i) (2+3i))

—6+i2411++10
=6+ (=1)+11-i+10
11-i+186
expand { (3+i) (3+2i))
2+i2+9.i+9
2+(—1)+9+i+9
9ei+7
expand { (2+i) (2-i))
-i%+4
—-(-1)+4
5

expand ( (=2+7i) (7-2i))
—14+i2453.i-14
—14+(—1)+53+i-14
53+




Question 19

2-31 _2-3i 1-2i _2-4i-3i+6i°
1+2i 1420 1-2i 1-2i+2i—4i
_2-Ti+6(=1)  —4-7i
o 1-4(-1) 5

=-0.8—1.4i

Question 20

2-3i _2-3i 2-3i _4-6i-6i+9"

243 2431 2-3i 4-6i+6i-9i
C4-12i49(-1)  —5-12i
©4-9(-1) 13

Question 21

5-2i _5-2i 3-4i _ 15-20i—6i+8i’
3440 3+4i 3-4i 9-12i+12i—16i
C15-26i+8(=1) 7 26i
T 9-16(-1) 25 25
_7-26i
- 25

Question 22

i i 2+i 2i+i?
« _

2—i 2—i 240 4+2i-2i-i’
C2i-1 21
S 4-(-1) 5
=—-0.2+0.4i
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Question 23

a WH+Z2=24+3i+5-1I
=T7+2i

b W—2=2+4+3i—(5-1)
=2+3I-5+Ii
=-3+4i

c Sw—4z =5(2+3i)—4(5—1)
=10+15i—20+4i
=—10+19i

d wz =(2+3i)(5-1)
=10-2i+15i-3i*
=10+13i—3(-1)
=10+13i+3
=13+3i

e 2 =(5-i)
=(5-1)(5-1)
=25-5i=5i+i’
=25-10i-1
=24-10i

f ﬂ_2+3i_(2+3i)x(5+i)
z  5-i  (5-0) (5+i)
10420 +15i +3i°
©25-5i+5i—i’
C10+17i+3(-1)
C25—(-))
_10+17i-3
26
T+
-~ 26

7 17,
“26 26
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Question 24

Given z=4-T7i,
a Z=4+7i
b 2+7=4-T71+4+7i=8
c 77 = (4-"Ti)(4+7i) =16+ 28i — 28i — 49i’
=16-49(-1)=65
d Z_A-T7i_A4-T7i 4-7i _16-28i—28i+490°
Z 4471 4+7i 4-7i 16-28i+28i—49i’
_16-56i+49(-1) 16—56i—49 —33-56i
16-49(-1) 16+49 65
__33_56,
65 65

Question 25

Given that z=5+ai, w=b—-34i, aand b are real numbers and z=w

Real parts are the same so 5=D.

Imaginary parts are equal so a =-34
sa=-34,b=5

Question 26
Given (a+5i)(2—i)=b, where aand b are real numbers.
(a+5i)(2—i)=2a—ai+10i - 5i’
=2a—-ai+10i—5(-1)
=2a-ai+10i+5
Real part is 2a+5, which is equal to b

Imaginary part is —a+10, which is equal to 0 as there is no imaginary part on the right hand side of the
equation.

-a+10=0
So a=10
2a+5=Db
2(10)+5=b
25=D

~.a=10,b=25
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Question 27

a —b++/b* —4ac

The quadratic formula is: X = 5
a

In order for a quadratic to have a non-real root, b* —4ac must be negative

Let b” —4ac = -k, given that K is a real number and is positive.

Then v—k = \/(=D)k :M:W:ﬁi

X:—biJEi

2a
_b+Jki b-ki
~ 2a  2a

So one solution is the complex conjugate of the other.
b X =2+3i is one solution so the other solution must be X =2—3i

(X=2-31)(x-2+3i)=0
X2 —2X+3iX —2X +4 — 6i - 3iX+6i —9i* =0
X* —4x+4-9(-1)=0
X*—4X+4+9=0
X —4x+13=0
Given X* + px+q=0
p=—4,q=13.

c X =3-2i is one solution so the other solution must be Xx=3+2i

(X—3+2i)(x—3-2i) =0
X* —3X—2iX=3X+9+6i +2ix—6i —4i* =0
X* —6X+9—-4(-1)=0
X* —6X+9+4=0
x> —6x+13=0
Given x> +dx+e=0

d=-6,e=13.
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Question 28

a (57 1) + (_39 2): (29 3)
Note: 5+i1—-3+2i=2+3i

b (_23 3)_(17 3) = (_3a 0)
Note: ~2+3i — (14 3i) = 2 +3i —1—3i = -3

c (2,0) x (2, 1) = (4, 2) as this is the real number 2 times the complex number (2, 1)
Note: 2x(2+1i)=4+2i

37 55

d 5,-1)+(-5,12) =(-—,-—
( )= ( ) (169 169)
5-i 5-i —=5-12i —25-60i+5i+12i* —37-55i 37 55.
Note: - = - X - = - g — = Ry
=S5+121 =5+121 =5-121 25+ 601—-601—144i 169 169 169
Question 29
14515 pi
a—4i

14 —5i = (2 +bi)(a—4i) = 2a - 8i + abi — 4bi*
14—5i+8i=2a+abi+4b

14 +3i=2a+4b+abi

2a+4b=14

ab=3

(ora=6,b=0.5)
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Exercise 1B

Question 1

(x=1)(@x* +bx+c) =2x> + x> + px+35

a=2

c=-35

(X=1)(2x*> +bx—35) =2X* + bx* —=35x - 2x> —bx +35

=2x> +(b—2)x* +(-35-b)x+35

b-2=1
b=3
—35-h=-35-3
=-38

The coefficient of X*is 1 sob =3
If b = 3, the co-efficient of X is —38

So p=-38

Question 2

x> +3x> —2x—16=(x—a)(bx*> +cx+d)
=bx’ +cx’ + dx —abx” —acx — ad
=bx’ +(c—ab)x* +(d —ac)x—ad

b=1
ad =16
c—ab=3
d-ac=-2

Given that 2 is a solution as f (2) =0, let a =2
d=8
c=5

sa=2,b=1c=5d=8
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Question 3

a By ‘algebraic juggling’:

X —7x+3 _ X(X—-1)—6(x-1)-3 _ (x—l)(x—6)+ -3 X

X—1 X—1 Xx—1 x—1

=X—-6+——
x—1

So the remainder is —3.

b Using the remainder theorem:

f()=71)-7(1)+3=1-7+3
=3

Question 4
a By ‘algebraic juggling’:

2430 —4x+3  2X°(X+ 1)+ X(X+1)=5(x+1)+8
X+1 N X+1
B (x+1)(2x2+x—5)+ 8
X+1 X+1

:2x2+x—5+i
X+1

So the remainder is 8.

b Using the remainder theorem:

f(=1)=2(=1) +3(=1)* —4(-1)+3
=—2+3+4+3
=8

Question 5

f(x)=x>+3x-6
f(2)=2>+3(2)—6 =4

So by the remainder theorem the remainder is 4.
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Question 6

f(X)=x"—5x>—8x+7
f(=2) = (=2)’ —5(~2)* —8(=2) +7
=-8-20+16+7
=-5

So by the remainder theorem the remainder is —5.

Question 7

If 2x—1 is a factor then

f(x)=2x> +ax* +bx -2

(- )

2+2a+4b-16=0
2a+4b=14
a+2b=7

By the remainder theorem

f(-1)=-6

2(-1)’ +a(-1)* +b(-1)-2=-6
-2+a-b-2=-6

a-b=-2

So solving the two equations with two unknowns:

12
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Question 8

a f(x)=x =3x*+7x-5
f(=1) = (=1 =3(-1)> +7(-1)-5
=-1-3-7-5
=-16
f)=r-31)>+7(1)-5
=1-3+7-5
=0

b X =3%* +7x=5=(Xx=1)(x* +bx +5)
bx* —1x* = 3%
b—1=-3
b=-2
x> =3x> +7X=5=(X=1)(X* —=2X+5)
Forx>-2x+5,a=1,b=-2,¢c=5

‘o —b++/b*—4ac
2a
_2+4-20 24416
- 2 2
_ 2+4j 149]
2

X =3XH+TX =5 = (X=1)(X =1+ 2i)(Xx—1-2i)
x=1,1+2i, 1-2i

c x'=3x*+7x* =5x=0
X(X* =3x* +7x=5)=0

So this equation has the same solutions as part b but with one additional solution at x = 0.

x=0,1,1+2i, 1-2i
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Question 9

a f(x)=x*=5x = x> +11x-30
f(=2)=16+40-4-22-30
=0
f(2)=16-40—4+22-30
=-36
f(=5) = 625+625—25—55-30
=1140
f(5)=625—625-25+55-30
=0

b X' =5%7 = x* +11x=30 = (X +2)(X = 5)(X* + bx +3)
X=-2,5

++/4— ++/— + i
Xzz_\/4 12:2_\/_8:2_2\/&:&\/5i

2 2 2

So the solutions are X=-2, 5, l+\/§i, 1-2i

Question 10

a f(x)=2x"=x*+2x-1
f()=2-142-1=2
£(0.5)=2x0.125-0.25+1-1=0

b 2%° =X +2x—1=(x—0.5)(2x* +bx +2)
bx* —x* = -1
b=0
2X*+2=0
2x* =2
X’ =-1
x> =i’
X==i

Solutions are X=0.5, i, —Ii
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Question 11

X>+2x+2=0
_-22\4-8 244 2x2i
2 2 2 B
X*+2X-5=0
Lo T2%4-20  2x-16 _ -2:di
2 2 2 B

X=—1+i, —1—i, 1=2i, 1+2i

Question 12
Given
f(x)=2x"-3x*+9x -8
f(1)=2-3+9-8=0
So x=1 is a solution
2% =3x> +9x -8 = (Xx=1)(2x*> +bx +8)
bx*> —2x* =-3
b-2=-3
b=-1
(X=1D)(2x> =X +8)

Lo 1EVI-64 15763 143V |

4 4 4
143770 1=37i
4 7 4

So the solutions are X =1,

Question 13
f(x)=3x" =3x’ —2x> +4x
f(-1)=3+3-2-4=0
3x 3%’ —2X° +4x = X(X+1)(3X” +bx +4)
bx® +3x* = -3x
b+3=-3, b=-6

3X* —6X+4=0

L _6%V36-48 _6+V-12 _6%23i_3%43.
6 6 6 3

So the solutions are X =0, —1, 3+3\/§ i, 3_3\/§i
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Miscellaneous Exercise 1

Question 1

a (7 +30)(7 - 3i) =49 —21i +21i - 9i* = 49— 9i*
=49-9(-1)=49+9=58

b 5+ (5-i)=25-5i+5i—i* =25-i’

=25—(-1)=26

c (3+2i)(2-3i)=6-9i +4i —6i°
=6-5i—6(-1)
=12-5i

d (1-5i)* = (1-5i)(1-5i) =1-5i — 5i + 25i°

=1-10i +25(-1) = —24—-10i
e 3-2i 3-2i 2-i 6-3i-4i+2i’

= X =
240 240 2—i 4-2i+2i—-i°
C6-Ti+2(-1)  4-7i

4—(-1) 5
_4 7
55
f 1421 1420 3+4i  3+4i+6i+8i’

= X =
3-4i 3-4i 3+4i 9+12i-12i-16i°
_3+10i+8(=1)  —5+10i 5(=1+2i) —1+2i

9-16(-1) 25 5%5 5
1 2

S
55
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Question 2

Given z=3-4i and w=—-4+5i

a Z+W=3-4i+(-4)+5I=—1+Ii
b zw = (3—4i)(—4 + 5i)

=12 +15i +16i — 20i’
=—12+31i—20(-1)

=8+3li
c Z=3+4i
d 2’ = (3-4i)* =(3-4i)(3-4i)
=9-12i —12i +16i*
=9-24i+16(-1)
=724
e zw=8+31i (above in Question 2 b)
Zw=_8-3li
f W = (3 + 4i)(—4 — 5i)
=-12-15i-16i —20i*
=—12-31i-20(-1)
=8-3li
g Re(Q) = Re(W) =—4
Im(q)=Im(Z)=4i
g=—4+4i
Question 3

To find (1+1i)’, first find (1+i)* as ((1+i)° =(1+i)*(1+i)*(1+i) using index laws.
A+’ =1+DA+D)=1+i+i+i"=1+2i-1=2i

(L+i)2(1+0) = 2ix2i = 4i* =4(—1) =—4

So (1+i)' =4

A+iy =1+ A+i)=—4(1+i)=-4—-4i
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Question 4

To find Im[(1-3i)’], first find (1-3i)’.

(1-30) = (1-30)*(1-3)
= (1-3i = 3i +9i%)(1-3i)
= (1= 6i +9(=1))(1 - 3i)
(—8 —6i)(1—3i)
—8+24i—6i +18i°
~8+18i +18(~1)
—26+18i

Im(—26+18i) =18

Question 5

a Re(3—2i)xRe(2+i)=3x2=6

b Re[(3—2i)(2+1)] = Re(6+3i — 2i — 2i?)
=Re(6+i—2(-1))
=Re(8+i)
=8

Question 6

Given (x—5) is a factor of x* +qx’ —14x> —45x-50,
when x=35, x* +0x’ —14x> —45x—50 must equal 0.
X=5

X' +0x’ —14x° —45x =50 =5 +q(5)’ —14(5)* =45(5)-50
=625+1250—-350-225-50
=125q

So if x* +0x’ —14x> —45x—50=0, then 1250 =0

Therefore q=0.
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Question 7

Given 2X’ —X* +3x+6 = (x—a)(bx* +cx+d)

When Xx=-1, 2x’ = x> +3Xx+6 =0 so (x+1)is a factor of 2x’ —x* +3X+6.
2% = X7 +3X+6 = (X+1)(2X*> +bx +6)

6X +bx =3x
6+b=3
b=-3
2X7 = X2 43X+ 6= (X+1)(2x* =3x+6)
=(X—(=1))(2X* =3X+6)
a=-1,b=2,c=-3,d=6.

Question 8
When x=3, x* +3x’ + px> +qx-30=0

(3)*+3(3)’ + p(3)*+q(3)-30=0
81+81+9p+39g-30=0
9p+3g=-132

When x=1, x*+3x> + px* + qx—30 = —48

(*+331)° + p(1)* +q(1)—30 =48
1+3+p+9-30=-48
p+q=-22

Solving simultaneously gives

p=-11,q=-11

© Cengage Learning Australia Pty Ltd 2019

19



Question 9

a 2(3i—j) = 6i—2j
b la| = \3* +(=1)* =10
b| =22 +42 =J4+16 =v20=25

To find the vector in the same direction as b but with the same magnitude as a, divide vector
b by the magnitude of vector b and then multiply by the magnitude of vector a.

Solution:

(2 +4j) = 245 x /10 = V2(2i+4j) _ 2v2(i+2))
2 2

= 2i+ 242 =/2(i +2j)
c 32 =3(3i— j)=9i -3
[3a] = /9 + (=3)* =+/90
If |¢| =[3a] = /90,
Va2 +(=9)? =+/90

d’+81=90
d>=9
d=13

d asb=Gi—j)+(i+4j)=3x2+(-1)x4=2
e Let 6 be the angle between vectors aand b

ash 21 2
jal[b] 25x+10 5V2 10

0 =81.87°

cos0=

The angle between vector a and vectorbis 82° (to the nearest degree).

20
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Question 10
b is in the same magnitude as a but in the opposite direction, so b=-a

cis in the same direction as a but twice the magnitude, so ¢=2a

. o . 1
dis in the same direction as a but half the magnitude, so d =Ea
. N . 1
eis in the opposite direction to a and half the magnitude, so e=——a
. o . . 3
f is in the same direction as a but one and a half times the magnitude, so f =—a

g is in the opposite direction to a but one and a half times the magnitude, so g=—=a

Question 11

r=p+q

s=2p+
2P q

t=p+2q
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Question 12

By substitution it is easy to find that X =2 is one solution for x> + 6x* +4x—-40=0.

x> +6X> +4X—40 = (x—2)(X* +bx +20)
20x —2bx = 4x
20-2b=4
-2b=-16
b=8
X>+6X> +4x—40 = (X—=2)(X* +8X+20)
Using the quadratic formula to solve X* +8X+20 =0
TN e
2a
_8+,/64-4(1)(20) —8+/-16
- 2 2
84167 —8+4i  2(-4+2i)
222

=—4+2i,—-4-2i
So (x+4—2i)and (X+ 4+ 2i) are factors.
XP+6X7 +4x—40 = (X—2)(X+4—2i)(X+4+2i)

So when X* +6x* +4x—40=0
X=2,—4+2i, —4-2i
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solve (x"3+6x" 2+4x-40=0, x)
{x=2,x=—4-2+f,x=—A+2+{}
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Question 13

p is perpendicular to q, so peq =0, hence 2a—ab =0

The magnitude of p equals the magnitude of q, so Jai+al = \/ 2° +(=b)?

V2a2 =\4+b* =  2a’=4+b?

We know

2a—ab=0,s0a(2-h)=0
s.a=0orb=2, butifa=0 the magnitude of p is not equal to the magnitude of q.
Sob=2.

lq| =22 +22 =48
r|=va’+a’

2a’=8 = a’=4 = a=+2

q-3r=23i-5j
2i—bj—3(ci+dj) = 23i - 5j

We know thatb =2
2-3¢=23
c=-7

2-3d=-5
d=1
e=—f
Ir|=~/50
Ve 2 ==+ 2 = 2f>

2f2=50
f2=25
f =45

but s is in the same direction as q,so f =-5.
Hence e =5.

a=12,b=2,¢c=-7,d=1,e=5, f =-5.
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