SADLER UNIT 4 MATHEMATICS
SPECIALIST

WORKED SOLUTIONS
Chapter 10: Differential equations

Exercise 10A

Question 1
d_y= 8x -5
dx
jdy = j(Sx—S)dx
y =4x>—5x+cC

Question 2

W _sx
dx
jdy=j6x/§dx

2 3 3
y:§(6x2]+c:4x2 +C

Question 3
dy
8y—=4x-1
y dx

8jydy=j(4x—1)dx

4y* =2X> —x+¢C
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Question 4

dy 5
Jy—=2 =
ydx X
3jydy:I(:ijdx
X2
2
Y stie=—24c
2 X
Question 5
dy
14x’y—2 =1
ydx

14Iydy::I£?dx

1
7y =——+cC
X

Question 6

Y _s
dx

4J.sin2ydy=5_[%dx

4x*sin2y

4cos2y 5
- =—=+cC
2 X

2c052y=§+c
X

Question 7
dy _ (8x+D
dx 2y-3

[@y-3)dy = [ (8x+1)dx

y’ =3y =4x>+x+cC
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Question 8

ﬂ_ X(2-3X)
dx 4y-5

I(4y—5)dy = _|'(2x—3x2)dx

2y* =5x=x> =X +C

Question 9

dx cosy

Icos ydy = J.%dx

xzﬂ— !

. 1
siny=—-—+¢C
X

Question 10

dy x
2 15_:_
(y +1) ix 2y

IZy(y2 +1)°dy :dex

(y2 +1)6 B X2

6 2
(Y’ +1D)°=3x"+c

Question 11
ﬂ:6x
dx
J'dy:.[6xdx
y=3x>+cC
When x=-1,y =4
4=3(-1)’+¢c = c=1

y=3x>+1
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Question 12

6x2y%:5
6Iydy:I%dx:I5x‘2dx
, =5

3y'=—=+c
X

When x=0.5,y =1

3(1)° -2 e = c=13
0.5

3y _ 243
X

:_13 5

3 3x

Question 13

(2+cosy) ﬂ=2x+3
dx
I(2+cos y)dy :I(2x+3)dx
2y +siny = x> +3x+cC

WhenX:l,y:E
2
2(Ej+sin£:1+3+c
2 2

c=n—-3

2y +siny = x> +3x+mn-3

Question 14
dy _4x(x*+2)
dx 2y+3
(2y +3)dy = (4x° +8x)dx
Yy +3y=x"+4x>+¢
When x=1, y=2
27 +3x2=1"+4(1*)+c
10=5+c
c=5

Yy +3y=x"+4x7 +5
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Question 15

vﬂ = 65°
ds

Ivdv:j6szds
2
Y _ositc
2
Whenv=6,5=2
62
—=2(2)+c
5 (2°)
c=2
2
Y o _osisc
Whens =3,

2

v
—=2(3%)+2
5 (3)
vi=112

v=+112 =47

Question 16

Q_ sin X

dx y

_[ydyz—fsinxdx
2
~—=cosX+C

The curve passes through the point (%,2)

T
2:cos§+c

2:l+c
2

3
c==
2

y> =2cosX+3
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a If point A, (m,a),a>0 lies on the curve b i T )
5 If point B, | —,b |,b >0 lies on the curve
a’=2cosm+3 6
2
a” =1 b> =2cos=+3=+3+3
a =zl 6
but givena >0, so a=1. b =v3+3
. T
sin — |
Gradient =— 6 __
V343 2J\3+3
Question 17
v _2s
da 2v

2_[VdV=f25dt
VZI=25t+c

Initial volume is 20cm’
20° =c¢
c =400
V? =25t +400

a When t =20,V =900 =30cm’.
b When V =40,  40% =25t +400

Pumping ceases when t =48seconds.
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Exercise 10B

Question 1

CAEN
dt

ledA=j1.5dt

In A=1.5t +c(no need for absolute value as A > 0).
e145t+c — A

ecel.St — A
Whent=0, A=100
A=100e""

a When t =1, A=100e"’ ~ 448

b When t=5, A=100e"" ~180 804

Question 2

d—on.zsp, P>0.
dt

j%dP:IOQSdt

In P =0.25t + ¢ (no need for absolute value as P > 0).
e0A25t+c — P

eCeO.ZSt — P
Whent =0, P=5000
P =5000e"*"

a When t=5, P =5000e"" ~17452

b When t =5, P =5000e"** ~ 2590064
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Question 3

dQ
—<=-0.01Q, Q> 0.
it Q. Q>

j %dQ = [(-0.0nyct

InQ =-0.01t+c (no need for absolute value as Q > 0).
e—0.01t+c — Q
ecefomt — Q
When t =0, Q =100000
Q =100000e ™"

a When t =20, Q =100000e"****” ~ 81873

b When t =50, Q=100000e*” ~ 60653

Question 4

If 5 kilograms (5000 grams) of radioactive isotope are produced initially, then:

ar =-0.08R, R>0.
dt

j %dR = j (—0.08)dt

InR=-0.01t+c (no need for absolute value as R > 0).
e "% =R
ee ™™ =R
Whent =0, R=5000
R =5000e "™
When t =25, R=5000e"""* ~676.76

After 25 years, approximately 680 grams of the radioactive isotope remain.
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Question 5
If 20 kilograms of radioactive isotope are produced initially, then:

ar =-0.02R, R>0.
dt

j %dR = j (—0.02)dt

InR=-0.02t+c (no need for absolute value as R > 0).

e—0.02t+c — R
eCe—0.0ZI — R
Whent=0, R=20
R — 20670.02l

When t =50, R=20e"""" ~7.36

After 50 years, approximately 7.36 kilograms of the radioactive isotope remain.

Question 6
d—A =-0.02A, A>0.
dt

j % dA= j (~0.0004)dt

In A =-0.0004t +c (no need for absolute value as A > 0).

—0.0004t+c
e =A

ece—0A0004t — A

We want to find the time taken for the amount to halve.
1e70.0004t — 0 5

In 0.5 =—-0.0004t
t=1732.87

The amount of radioactive isotope present will halve after approximately 1733 years.
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Question 7

M m
dt
1

J'ﬁdM = [(—k)dt

InM =—kt

M=e™

Given the half life is 30 years
0.5=¢*
In0.5=-30k
k ~0.0231

a When t =30, M =e "9 =05

After 30 years 0.5 kg remain of the Cesium 137.
b When t =60, M =" = (.25

After 60 years 0.25 kg remain of the Cesium 137.

c When t =40, M =e%™0 — (397

After 40 years 0.397kg remain of the Cesium 137.

Question 8
M _ M
dt
1
deM = [(~k)dt
InM =—kt
M — efkt

Given the half life is 250000 years
05 — e—250000k
In 0.5 =-250000k

k~2.77x10°°

When t =5000, M = g7 _ 0 98¢
After 5000 years, 98.6% remains of the U-234.
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Question 9

56000 = 325000 *°
p~0.2198

The instantaneous rate of decline is approximately 22% per annum.

Question 10

Given the half life is 5700 years
05 — e—5700k

k~1216x107"

60% of the radiocarbon will remain when

0.6 = eflA216><104t
t = 4200.70

The animal died approximately 4200 years ago.

Question 11

0.5=¢7%
k ~0.0231

Originally the level of radiation is found to be 15 times the level that is safe.

i: g 003t
15
t~117.21

The level of radiation will be considered safe after approximately 117 years.
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Question 12

GA_p
dt 100
1dA, P
A dt 100
J‘ld_Adt = j P gt
A dt 100
InA=—t+c
100
pt
A=e!0g°
1=¢°
t 0.693 69.3
Pp
100
b The rule of 72 is more commonly used as it is easier to divide into 72 mentally as it is an integer

with many factors.

Question 13

dT
— = k(T -28
pm ( )

1 dT

T-28 dt
1 dT

——dt=—jkdt

T -28 dt
In(T —28)=—kt+c
T-28=¢"¢°
240-28=212=¢"
T-28=212e"

Given 212 =135-28=107
Given  212e 19 =91-28 =63

k =0.0530
T =212e7%0% 128

135=212e%%' 128 =

The item was placed in the 28°C environment about 13 minutes before the 135°C temperature was

recorded.

This concept could be used by a forensic team to estimate a time of death by using the average body
temperature of a human and the temperature of the environment in which the body was found.
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Exercise 10C

Question 1
a E=0.45N—0.015N

0.45

Given a general solution N = ———
s 0.015+ce **

Whent=0, N =0.5
0.45

0.015+c
Solving gives

c=0.885
b When t=10

- 0.45
0.015+0.885¢

=18.122

18.122 million people had the device 10 months after the monitoring began.

Question 2
K )
Yy i —— with K =150000
1+Ce
When t=0, y=300

150000

1+C
C =499

300 =

, 150000
1+499e™

When t=1, y=920

150000
1+499¢e7?
a=1.1247

~ 150000
Whent=5
150000

After 5 days the model predicts that 53 500 people will know the rumour (to the nearest 100 people).

13
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Question 3
dy _¥B00=Y) _ 6y —0.002y?

dx

Given a general solution y =

500
0.6

0.002 +ce >

When x=0, y=100

0.6

T 0.002+c

Solving gives ¢ = 0.004

Y = 0.00250.0046 " 112605

0.6 300

150e"*
1+0.5e"

= [can be written various other ways, such as

Question 4

dL

dt

a

1

—L(200-L)=0.4L—-0.0021°
500

The logistic growth model with differential equation (;—)t/ =ay-by’

a=0.4, b=0.002

The limiting value of y = 2= 2%~ 200

b 0.002
According to the model, the limiting value of L is 200 cm.

This means that when fully grown the length of the animal is 2 metres (or as near to 2 metres as
makes no difference).
0.4

Given a general solution L =—————
0.002+ce™

Whent=0, L=51
0.4

" 0.002+¢

Solving gives

€~ 0.005843 ~ 0.006

0.4 200

T 0.002+0.0066 % 1+2.92168 °*

There are various ways of writing this answer, for example:
_ 10200 10 200e"*
51+149e % 149+51e™"
After 10 years:
200

14292600
According to the model, after 10 years the length of the animal would be approximately
189.8 cm.

51

~189.84

14
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Question 5

P_1, 1 o

dt 5 12500

B 0.2
0.00008 + ce ™

When t=0, P=160

0.2

~0.00008+¢C
c=0.00117

0.2 2500

P= -
0.00008+0.00117e % ~ 1+14.625¢ >

0.00008

= 2500.

b The long term population limit is

Using this model the population would expect to level out at approximately 2500, long term.
c In 10 years:

2500

“Tataease

There would be approximately 839 lizards of this species on the island in 10 years time.

Question 6
AN o8N @Lj
dt 20000
0.8

~0.00004 + ce

Whent=0, N =200
Solving gives ¢ =0.00396
0.8 20000

N =~ =~
0.00004 +0.00396e ™% 14+99¢7"%
Whent=8, N ~17174.84

After 8 hours there will be approximately 17175 fungal units.
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Exercise 10D

Question 1

&,
dx

Graph F

Question 2

ﬂ+2:O
dx

Graph J

Question 3

ﬂ:4—2x
dx

Graph D

Question 4

dy
—=X(X-3
i (x=3)

Graph I

-------
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Question 5

X

Graph E

Question 6
Y _
dx

Graph G

Question 7

&,
dx

Graph H

Question 8

ﬂ_x

dx 2

Graph C

% (x+1)(3—-x)

16



Question 9

y'=xy
\\ _2__ Jlrl."
-2 2
/ 21 \
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Miscellaneous Exercise 10

Question 1
ﬂ = y —X ﬂ — 5 ﬂ — y _1
dx dx vy dx
Slope field B Slope field C Slope field A
Slope ficld B Slope field € Slope ficld A
‘) ! 4
R N T R Ty T
o5 g ]
Question 2
ds Vs .
a =— s where s and t are variables, s > 0, and V and K are constants.
+S

K
j(— +sjds:jdt
Vs
K 1 .
—Vlns —Vs =t +c, where C is some constant.

KlIns+s=-Vt+c

Question 3
ﬂzexz

dx

gy dy

ox dx
ﬂzexz

oX

5y ~eX 5x

SX ~2.002—2.001~0.001
5y ~ e x0.001 ~ 0.055
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Question 4

a

y =2sinX

dy

— =2c0s X
dx

y =sin’ X

dy

— =2sIn Xcos X
dx

y =sin(sin X)

dy

— = cos(sin X)cos X

dx

y_2x+3
5-3x

dy _ (5-3x)2—-(2x+3)(-3)

dx (5-3x)°
19
 (5-3x)°

y=(2x+3)’

@ _ 3(2x+3)*(2)
dx

=6(2x+3)°

%(2xy+ y’ —15) =%(3sin X)

2xﬂ+2y+3y2ﬂ:3cosx

dx dx
ﬂ(2x+3y2) =3cosx—2y
dx

dy _3cosx—2y
dx  2x+3y’
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i(x2+3y2):d0| (yInx)

dx dx

ﬂzlﬂnxﬂ

2X+ 6y
dx x dx

ﬂ(6y—lnx):l—2x
dx X

dy  2x'-y
dx x(Inx-6Y)

d d
—(5X+3In(2y+1))=—(3x
dx( +3In@y+D) dx( y)
+ 6 ﬂ:3xﬂ
2y +1dx dx

dy[ 6 —3x]=3y—5

+3y

dx 2y +1
ﬂ[wjzg,y_s
dx 2y +1

dy _@y-5@2y+D _(-3y)d+2y)
dx  6-6xy—3x 32xy +x-2)
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Question 5

, 1 1

=—e™+8—
y 2 2

2y* =e” +17

Question 6

Whenx =0, y=3

9:l+c = c:8l
2 2

Yy +5xy+ x> =15

ﬂ+5xﬂ+5y+2x:0

2
y dx dx

dy

——(2y+5x)=-2x-5

dx( y ) y
dy _ —2x-5y
dx  5x+2y

y?+5y+1° =15
Yy +5y-14=0
(Yy+7)(y-2)=0
y=-7,2
dy _-2-52)_ 12 4

When x=1and y=2, —=——F=——=
dx  5+2(2) 9 3

The equation of the tangent is y = —% X+ ?

When x=1 and y=-7, ﬂ=—2——5(—7):_£
dx  5+2(-7) 9

The equation of the tangent is y= 233 X 230 = _u X _10
9 9 3 3
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Question 7

4 4 27t
L nx’dy = L nydy = {%}

2

=87 — 27 = 6w units’

Question 8

a Let u=3x>-5, d—u=6x
dx

.fx(3x2 —-5)dx = ju&édu =%Iu7du

1 u (3x*=5)°
=—X—+C=—-—"-+4C
48
b Letu=x-5, d—u=1
dx

jx(x—5)7dx = ju7xdx =Iu7(u +35)du =J'(u8 +5u”)du

8 _ g\ _5\8
+5u +C:(x 5) +5(x 5) ie
9 8 9 8
_ 9 _ 8 _ 8 _
:8(x 5) +45(x-5) +C:(x 5)°(8(x 5)+45)+c
72 72
8
_(x=5) (8X+5)+c
72

u9

du

c Letu=x>-3, —=2xX
dx

8X 8 1 1
X dx= [ du=4[—d
J o=l praxtu=e o

1
=8u2+c=8Vx’-3+cC
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d Letu=5x-2, d—u:S
dx

1
lex\/Sx—2 dx:I\/leOXxidu :Iu2x10(%}<%du
3 1 5 3
:EI uz+2u? du:E zu2+2><gu2 +C
5 5(5 3

4 > 8 2 3[4 8
=—(5x-2)2 +—(5x=2)2 +c=(5x—2)?
25( ) 15( ) ( )

3 3

=%(5x—2)2 [3(5x—2)+10]+c :%(5x—2)2(15x+4)+c

du_

dx

ISXSin(Xz —5)dx = Isin U x 8x><idu
2X

e Letu=Xx’ -5, 2X

=—4cosu+cC
=—4cos(x*—=5)+¢C

f Letu=1+¢", d—u:eX
dx
5 X\5
Iex(l+ex)4dx:ju4exxixdu=ju4du:u—+c:(l+e) +C
e 5 5
g Letu=x-3, d—uzl
dx
4x 4x 4(u+3) > -
dx=|—xldu= du=||4u2+12u ? |du
[l riae |

3 1 3 1

=4><§u2 +24u2 +c=§(x—3)2 +24(x-3)2 +¢

:gx/x—3(x—3+9)+c:2\/X—3(x+6)+c

h Letu=x+2, .
dx
2X+1 . (2u=2)+1 e
J'(X+2)3dx—_[ ; du—j(2u —3u™)du

2 3
+ ~+C
X+2 2(X+2)
—4(x+2)+3 5+4x

— — _+c
2(x+2)° 2(x+2)

a3
22U +=u’+c=-
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Question 9

V= i71!’3
3
d—V: 4mr?
dr
dV =4nridr

The rate of change of the radius is 0.25cm/s
dV =4nr’x0.25=mnr’cm’ /s

a When r =10, the rate of change of the volume is 100cm’ /s

b When dV =256r,

2561 = 7tr?
r=16cm

Question 10

% =10m/sec
dt

h=600tan0

dh 600

do cos’0

do do6 dh cos’O cos’ 0
= X = x10=

dt dh dt 600 60

When h =800, 6 =0.9273
dB _ cos®(0.9273)
dt 60

=0.006rad/sec

© Cengage Learning Australia Pty Ltd 2019

23



Question 11
Water is flowing into the funnel at a rate of 16 cm®/sec and out at a rate of 4cm?/sec.

Resulting in an increase in volume of water at a rate of 12cm®/sec.

d—\/:12cm3/sec

d
h_is

r 8
r:ih

9

2
V:ln ihj =£nh3
9 243

w16

dh 81

dh dh dVv 81 243
— = Xx—=— x]2=—""
dt dv dt 16nh? 41h?

2
When the cone has a depth of 6 cm, the water level is rising at a rate of %Cm/ sec.
T

Question 12
. dx
Let X=asinu, —=acosu
du

xacos udu

J. 1 dXZJ. 1
Jai-x? Ja*—a’sin’u
1
_J‘«/az(l—sinz u)
1
= | ———xacos udu =
J.a\/coszu J-

:JMU:u+c

xacosudu

acosu

du

acosu

© Cengage Learning Australia Pty Ltd 2019



Question 13
a The amount of the resource used is
U= "Rt = [ *5000000e"*dt = [625000006°* "
0 0 0
~139096308-6250000 = 76596308

Approximately 76.6 million tonnes of the resource will be used during the first 10 years.

b i—? =-5000000e"*™

A= I—SOOOOOOe""’“dt =-62500000e"™" +c

When t =0, A=200000000 tonnes

200000000 = —62500000e”* +¢
€ =262500000
A=—-62500000e"" + 262500000

The resource will be exhausted when A = 0.

0 =—62500000e"™" + 262500000
Solving gives:t ~17.94

The resource will be exhausted after approximately 17.9 years.

Question 14

in(x)- X)) 3sin(x X) 3X
The calculator showed that the antiderivative of cos” X is sin(x) (:os( ) + sin(x) cos( )+—

8

. 3 . . 2 :
sin(X) - (cos(X)) N 3sin(X) cos(X) +3_X _ SIN XCOS XCos” X N 3x2sin Xcos X +§ X
4 8 8 4 16 8

. cos2X+1
2sin Xcos X| ——— .
2 3xsmn2Xx 3
+ +=X

8 16 8

sin2Xxcos2X+sin2X 3 . 3
= +—sm2x+§x

16
=2sin2Xcos2X sin2X 3 . 3
+ +—sin2X+—X
32 16 16 8
sin4Xx sin2X 3
32 4 8

3 sin2X sin4X

8 4 32

which is the answer from the worked example.
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