SADLER UNIT 4 MATHEMATICS
SPECIALIST

WORKED SOLUTIONS

Chapter 12 - Sample means

Exercise 12A

Question 1

Standard deviation of sample means = 171 =0.2418.
J50

The sample means will be approximately normally distributed with a mean of 3.5and a standard
deviation of 0.24.

If instead a sample size of 150 were used the distribution would still be approximately normal with a

mean of 3.5 but with a smaller standard deviation than before, now = ﬂ =0.14.

V150

Question 2

Standard deviation of sample means = 0.696 =0.08985.
J60

The sample means will be approximately normally distributed with a mean of 2.375 and a standard
deviation of 0.09.

If instead a sample size of 100 were used the distribution would still be approximately normal with a

mean of 2.375 but with a smaller standard deviation than before, now = ﬁ =0.07.
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Question 3

Standard deviation of sample means = 2415 =0.4025.

36

The 100 sample means will be approximately normally distributed with a mean of 7 and a standard
deviation of 0.40.

If instead a sample size of 120 were used the distribution would still be approximately normal with a

2.41
mean of 7 but with a smaller standard deviation than before, now = —5 =0.22.
120
Question 4
Standard deviation =132++/50 normCDf (=<, 2175, 18. 67, 2145)
0.9459570109
Y ~N(2145,18.67%)
P(Y <2175)=0.946
Question 5
Standard deviation =3-2++/64 = 0.4 normCDf (17. 5, <, 0. 4, 16. 8)
0.04005915686
Y ~ N(16.8,0.4%)
P(Y >17.5)=0.040
Question 6
Standard deviation =20++/100 =2 normCDI (144, 150, 2, 145)
0.6852527959
Y ~ N(145,2%)

P(144 <Y <150) =0.685
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Question 7

a Y will be normally distributed with mean 5 and standard deviation 0.2.
b Standard deviation =1++25=0.2
Y ~N(5,0.2%)
P(Y > 55)=1-P(Y <55)
=1-0.9938
=0.006
Question 8

Y is normally distributed with mean 30 and standard deviation +/0.24 .

Mean =50x%x0.6 =30

Standard deviation =+/0.6x0.4 =~/0.24

Y ~ N(30,0.24)

Question 9

a

X ~N(508, 3%) normCDf (—o°, 500, 3, 508)

3. 830380568E-3

P(X <500)=0.004

0.4% of packets will contain less than 500 g.

X ~N(508, 3%) normCDf (510, %, 3, 508)

0.2524925375

P(X >510)=0.252

25% of packets will contain more than 510g.

2
Y ~ N(508, 3 ) normCDf (507. 5, 508. 5, 3/v10, 508)
J10 0.4018385473

P(507.5 <Y <508.5) =0.402
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Question 10

a X ~N(1.015, 0.006%) normCDf (=, 1, 6E-3, 1.015)
6.209665326E-3

P(X < 1)=0.006

b X ~N(1.015, 0.006%) normCDf (1. 02, e, 6E-3, 1. 015)

0.202328381

P( X > 1.02) =0.202

2
¢ Y~N(OIS, (Mj ) normCDf (1. 01, 1. 02, 6-3/v5, 1. 015)
J5 0.9375925814

P(1.01 <X <1.02)=0.938

Question 11

X ~N(17.4, 2.1)
Y ~ N(17.4, 0.664%)

Standard deviation of sample means is = 2.1 +/10 ~0.664 .

2+0.664 =3.01 which means the sample mean is more than 3 standard deviations above expected
mean.

We would expect the mean length of samples of ten adult male lizards of this species to be normally
distributed with mean 17.4 and standard deviation of approximately 0.664. A sample mean of 19.4 is
more than 3 standard deviations above what was expected and this is very unlikely, although not
impossible.

normCDE (19. 4, %, 0. 664, 17. 4)
P(Y >19.4)=0.0013 1.2974569875-3

Hence while it is possible that the sample of ten may be a “freakish” sample we would be wise to
consider other possible reasons for the surprising sample means. Consider whether the sample was
really random. Perhaps the lizards were caught in a region where larger than normal lizards of this
species were found. Perhaps the scientists’ confidence in the assumption of a normal distribution or in
the given population mean and standard deviation was misplaced. Many reasons could exist for this
higher than expected sample mean.
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Question 12

1
90—88)x—
( e

a  P@ES<X<90)=——0 :%:

1
(90-84)x 3

b-a 90-84 6
b Standard deviation of X = = = =3

Jizo V12 23

1
c Z-\87.7 normCDI(87. 5, , 0. 25, 87)
0.02275013195
P(Z >87.5)~0.023
Question 13
o . ... 26

a Sample means are normally distributed with mean 513 and standard deviation R

513—1.96x%=506.63

513+1.96><%:519.37

The interval 1.96 standard deviations above and below the mean is 506.63 to 519.37.

505 is not in this interval so for the first sample taken there is a significant difference at the 5%
level.

b Sample means are normally distributed with mean 513 and standard deviation % .

513—1.96x%:507.90

513+1.96x%:518.10

The interval 1.96 standard deviations above and below the mean is 507.90 to 518.10.

510 is in this interval so for the second sample taken there is not a significant difference at the
5% level.
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Exercise 12B

Question 1
The 90% confidence interval has the smaller width.

(If you want to be more confident of catching the population mean you need a bigger net).

Question 2

The 95% confidence interval has the smaller width.

Question 3

The bigger size sample will give the narrower 95% confidence interval.

Question 4

Standard deviation = =48

48
J100
573-4.8x1.645=565.10
573+4.8x1.645=580.90

The 90% confidence interval is 565cm <pu <581lcm.

Question 5

Standard deviation = ﬂ =0.519

J50

26.14-0.519x1.96 =25.12
26.14+0.519%x1.96 =27.16

The 90% confidence interval is 25.12kg <p <27.16kg .
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Question 6

V5.76

Standard deviation = ———— =0.268

80

17.2-0.268x2.576 =16.51
17.2+0.268x2.576 =17.89

The 99% confidence interval is 16.51cm <pu<17.89cm.

Question 7

Note that we can assume that the sample mean is from a normal distribution of sample means because,
thought the sample is small, the population the sample is taken from is normally distributed.

Standard deviation = ﬁ =0.443

V10

74.6—-0.443x1.96 =73.73
74.6+0.443%x1.96 =75.47

The 95% confidence interval is 73.73cm < <75.47cm.

We can be 95% confident that the mean length of 12 month old baby girls lies in between 73.73cm and
75.47cm (because 95% of the 95% confidence intervals constructed in this way will contain the
population mean).

Question 8

Standard deviation = ﬁ =0.379

J40

17.18-0.379x1.645=17.18
17.184+0.379x1.645=18.42

The 90% confidence interval is 17.18cm <u<18.42cm .
We can be 90% confident that the mean length of three month old seedlings of the particular plant type

will lie between 17.18 cm and 18.42 cm (because 90% of the 90% confidence intervals constructed in
this way will contain the population mean).
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Question 9

For the sample of 200 birds:

Standard deviation = i =0.191

\200

18.3-0.191x1.96=17.93
18.3+0.191x1.96 =18.67

The 95% confidence interval is 17.93cm < <18.67cm .

For the sample of 300 birds:

Standard deviation = i =0.156

v/300

18.3-0.156x1.96=17.99
18.3+0.156x1.96 =18.61

The 95% confidence interval is 17.99cm <p<18.61cm.
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Exercise 12C

Question 1

1.96xi=1.5

Jn

n=109.27

The sample size would need to be 110 to be 95% confident that the mean of the sample is within 1.5
units of the population mean.

Question 2

2.576x 187 =25

In

n=371.27

The sample size would need to be 372 to be 99% confident that the mean of the sample is within 2.5
units of the population mean.

Question 3

1.96x12 =3
Jn

n=22.75

The sample size would need to be 23 to be 95% confident that the mean of the sample is within 2.5
units of the population mean.

Question 4

1.645xﬁ:2

Jn

n=47.73

The sample size would need to be 48 to be 90% confident that the mean of this second sample is within
2 units of the population mean.
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Question 5

1.96x>2 = 0.5
Jn
n=199.14

The sample size would need to be 200 to be 95% confident that the mean of this second sample is
within 0.5 units of the population mean.

Question 6
3

1.96x—=1
Jn

n=34.57

The sample size would need to be 35 to be 95% confident that the mean of this sample is within 1 mL
of the sample mean.

10
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Miscellaneous Exercise 12

Question 1

a dc _ 7
dx

b 2 2
9C 3% ax+800=> _24x+800
dx 12 4

Question 2

d d
&(x3 +2X7y + y3) :&(10)

3x2+2x2d—+4xy+3y2ﬂ:0
dx dx
dy —4xy-3x’
dx 2x% +3y°
_ X(3x+4y)
T2 +3y?
Question 3

d d
a &(y4):&(x4—4xy—7)

dy dy
4y’ L =4x> —4x—= -4
Y dx dx Y

dy 4xX’ -4y _4(X-y)_ X -y
dx  4x+4y’ 4x+Yy) x+y’

b At the point (2, 1)

dy 42)-4@1) 28 7
dx 42)+4(1°) 12 3
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dC

—=2x+4

dx

wc_2

W+

dx

1000

X2
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Question 4

Slope field A Slope field B Slope field C
dy dy dy
—== —=X —=(X=-3)(y-2
) ix ix (x=3)(y-2)
Slope ficld A Slape ficld 1 Slope field
Question 5

I3x3+6x2—4x—8 y
(X+1)(x* =2)
3 +x2=2x-2)  3x*+2x-2
:I — + > dx
X+ X =2x-2  (X+D)(x"-2)

A B C
= |3dx + + + dx
j J[XH x—~2 x+«/§}

A+B+C=3
—2A+2B-2C=-2
(1+V2)B+(1-+2)C =2

=3x+c+I >
(X+1)(x"-2)

:3x+c+j[ ! + ! + ! }dx
X+1 x—/2 x+2

:3x+1n|x+1|+ln‘x—\/§‘+ln‘x+\/§‘+c

:3x+1n|x+1|+ln‘x2—2‘+c
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Question 6

) du
a Let u =sin X — =cos X
dx
(S k dx
J- 3sin’ X cos X dx =J. 3u® cos Xx—du
0 0 du
x=k 5
= 3u” cos X du
x=0 cos X
u=sink 2
= 3u” du

u=0
sink
=[v’]
0
T

=sin’ k units*,0 <k <=

b Ik3sin2XcostX:2—sin3k,£<k<n.
0 2

v

I/—\,.

Question 7
V= N
a 3+0.1x, x>0 b %=3+0.1x
dv dvd o
v dvdx
_9V_ 1
a=—=—— —
dt  dx dt I3+0_1XdX_J-dt
=0.1xv
0.1
—0.1(0.1x +3) IOI3+0.1XdX=”C
=0.01x+0.3 10In[3+0.1x| =t+c
When x =2, a=0.32m/s’ Whent=0,x=20
c=10In(5)
Whent =5

In[3+0.1X| = 0.5+ In(5)

e().5+ln(5) — 3 + 0. 1X

X = 10(e°‘5e“‘(5) —3) —50+/e =30
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Question 8

a d_A b When t=0.5

dt

:6e21
A=3e+1

jdA:jéeﬂdt

A=3e"+c

4=3+cC

c=1

A=3e+1

Question 9

_ 0.1t
a (jj_I: —0.1P b 40000 =10000e

j Lap- j 0.1dt
P
InP=0.1t+c
P — POeO.]t
20000 =10000e""
t = 6.93 years

t ~13.86 years

Question 10

a Standard deviation =5.12++/64 =0.64

53.24-1.645x0.64 =52.19
53.24+1.645x0.64 =54.29

dA A
a8t
R < 6e™
t
5A ~ 66™'5t

SA~ 66”0.01~ 0.06

80000 =10000e""

t = 20.79 years

We can have 90% confidence that the mean will lie between 52.19 and 54.29.

b Standard deviation = 0.64

53.24-1.96x0.64 =51.99
53.24+1.96x0.64 = 54.49

We can have 95% confidence that the mean will lie between 51.99 and 54.49.

c Standard deviation =0.64

53.24-2.576x0.64 =51.59
53.24+2.576x0.64 =54.89

We can have 99% confidence that the mean will lie between 51.59 and 54.89.
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Question 11

Standard deviation =18 +«/E =2.85

223-1.96%x2.85=217.41
223+1.96x2.85=228.59
We can have 95% confidence that the mean of the population lies between 217.4 and 228.6.

Question 12
a X = Acoskt
X =—Ak sin kt

X =—Ak” coskt = —k*(Acoskt) = —k’x
The particle is in simple harmonic motion and as the displacement is a cos function the object is
initially at its extreme position.

b Low tide is 3 m and high tide is 15 m, a difference of 12 m.

The equation of the function displaying the water level would be a trigonometric function with
an amplitude of 6. Given that we are starting at low tide at 7 a.m., we can model the function as
a cosine function, amplitude 6, reflected about the X -axis and translated up 9 as the low tide
mark is at 3 m, which is 9 m above the value of —6, the value of —6 cos (0).

X=—-6c¢coskt+9

| 'i

: o ' » |

The value of the constant k , is found by considering the " / \ |
period of the function, t = 760 minutes, hence k = % . | !
|

I
X=—6cosit+9 h
19

The tide is above 5 m for t between 101 min and 658 min after 7 a.m.
That is approximately 8:41 am to 5:58 p.m.

To the nearest 5 minutes, that is between 8:40 a.m. and 6 p.m.

Question 13

dy _
i
dy ~ xe*dx

Sy ~1.25¢"%(0.01) ~ 0.044

X

xe

15
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Question 14

AC =./y? +12°
AC is equal to 20m when y? +144 = 400, y =16m.
CE 1

C_E+\/y2+144 5

S5CE =CE ++/y* +144
E=%«/y2+144

dCE _ y

&y afy e
%:2111/5

dCE _dCE dy v
dt dy ~ dt 2\/m
Wheny =16m

dAE 8

= =0.4m/s
dt 16> +144
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Question 15

Let X be the horizontal distance AB at time t.

tan6=@
X
1 do 800 dx

cos’0 dt  x* dt
de 800 cos? 0 dx
dt x? dt

From the diagram:
1000 5

cos0 = =
J8002 +1000> 41
cos’ 0= é
41

% =-200m/s

dt

do 800x§ 4

- —‘2“ (-200) = —radians/s
dt 1000 41
Question 16

a X ~N(78,12%)
P(X >100) =0.0334
b X ~N(78,12%)
P(70 < X <90) =0.5889

c Standard deviation =12 + \/Z =6

Even though the number of samples is small you would expect normal distribution as the
population that the samples are drawn from is known to be normally distributed.

Y ~ N(78,6%)

P(Y <75)=0.3085
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Question 17

h

h h 1 1
IO mx’dy = nJ.O (y+4)dy = {Enyz +4ny} = Enh2 +4nh

0
2500 = %nh2 +4xh

Solving gives h ~ 36 cm.

v _dv dn
dt dh dt
dh
5=(nh+4n)—
(Th+47) ¢

@ 5
dt nh+4x
When h = 6cm

dh 5 1
—=——=—cm/s
dt 10m 2=

Question 18

ar _
dt
dT

InT =kt+c

T — ekt+c

T =T,e"
(27.7-22)=(28.6—-22)e™
5.7 =6.6e"

k= lnﬂ =-0.4166
6.6

KT

(28.6—-22)=(37- 22)e—0A4166t

ln(6'6

= ij =5.6hours
-0.4166

So the suspicious death would have occurred approximately 5 h and 36 minutes before 1:30 p.m., so at
7:54 a.m.

18
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Question 19

a 1.96x&:20

Jn
n=~61.47
The sample should be 62 (or more) to be 95% confident that the mean value of h is within 20
hours of the population mean.
b Standard deviation of sample means is = 65 + 10 = 6.5.

—50+6.5=7.69 which means the sample mean is more than 7 standard deviations below
expected mean.

We would expect the mean hours of samples of 100 electrical components to be normally
distributed with mean 1850 and standard deviation of approximately 6.5. A sample mean of
1800 is more than 7 standard deviations below what was expected and this is very unlikely,
although not impossible.

Another way of looking at this is to consider the expected mean, with a 95% confidence
interval.

With mean of 1800 and standard deviation of 6.5, 95% confident that the mean will be between:

1800-1.96x6.5=1787.26
1800+1.96x6.5=1812.74

1850 is well above this range so the claimed mean value is unlikely.

Question 20

dx

3 2 _ 3 _ 2 _
sz +§x 24X 29dX==Iz(f 7X 6)dx+j3x3 10x—-17
X =7x—6 X =7x-6 X" =7x—-6

=I2dx+j( A + B + c jdx
X+1 xX+2 x-3

2 2 )
:2X+C+I A(X —X=6)+B(X* ~2Xx=3)+C(X' +3x+2) )
X' —7x-6

A+B+C=3
—-A-2B+3C=-10
—-6A-3B+2C =-17

Solving gives A=1,B=3,C =—1.

2x+c+j( ! + 3 1 jdx=2x+hﬂx+ﬂ+3hﬂx+ﬂ—hﬂx—ﬂ+c
X+1 X+2 x-3

19
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Question 21

. ON_2N N 6250N-N’
dt 5 15625 15625

| 15625
N(6250—N)

A+L}dN - [at
N T6250-N

dN:jdt

—

—

_A(6250—N)+BN}_J~dt
6250N -N*> |
| }dN:jdt

| N N-6250
2.5In|N|+2.5In|N - 6250 =t +c

%(1n|N|+ln|N—6250|):t+c

1n\N2—6250N\=§t+c

6250

C14ce ™

Whent=0, N =250
c=24
6250

1
b As t— o0, =——— 0 and so N — 6250.
o0

Question 22

2 3 1 5 2 2 1 4
—COSX+—Cc0s” X——=c0s” X+C=cosX| —1+—cos” X—=cos" X |+C

3 5 3 5
_ [ 2 .0 1 .2 2
=Cos X —l+§(1—sm X)—g(l—sm X)" |+C

=Cos X —l+§—§sin2 X—%(l—2sin2 X +sin* X)}+C

| 4 ., 8
=CosX| —=sin" X——sin" X—— [+C
5 15 15
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Question 23

. dx
a X=sinu — =cos X
du
1 1 dx 1
dx = —du=|——=xcosudu
J.\/1—X2 J‘\/l—sin2u du I\/coszu
=I1du=u+c=arcsinx+c
b X =15sinu %=SCOSU
du
S S S PV S Y
V25— % V25-25sin’u du \J25(1-sin® u)

cosudu —j

cosudu =J%du

_I\/25cos u

u . X
=—+C=arcsin—+C
5 5

5cosu

dx
c X==sinu — ==cosu
du
1 1 dx 1 3
I—dX:I —du ZI——COSU du
V9 —4x2 9—4xzsin2u du J9(1-sin’u) 2
3
—I —cosudu j —cosudu
«/9cos u 2 3cosu 2

u 1 . 2X
= I—du=—+c =_—arcsin—+¢C
2 3

) dx
d X =sinu —=cosu
du

lel—xzdx =_[\/1—sin2 u 3—3du=J\/cos2 Ucosudu

:Jcos2udu =I(cos2u+ljdu _sin2u u
2 2

4
2sinucosu U sinuvl—sin’u u
= i~ 4c= +—+C
4 2 2 2
xy1—x* arcsin X
= + +c
2 2
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. dx
e X=2sinu —=2cosU
du

I\/4—X2dx=J.\/4—4sin2uj—L(du =I\/4(l—sin2 u)2cosudu
=2J‘\/4cos2 ucosudu =2J‘2cos2 udu
:2_[2(%)% =sin2u+2uU+c¢C

=2sinUcosU+2U+C=2sinuvl—sin’u+2u+c¢

2
= X,/l—x— +2arcsin§+c
4 2

Xv4—x2 . X
:—+2arcsm§+c

f X=2cosU %=—25inu
du
I\/4— x*dx = j\/4—4cosz u j—zdu = —_l'«/4(1—cos2 u) 2sinudu
= —2.|‘\/4sin2 usinudu = —_..4sin2 udu

cos2u—1 sin 2u
ety )

=2sinucosU—2U+C=+/1—cos’U2cosU—2U+C

2
—x.|1=[ 2] —2arccos X+ ¢ = 24— x* —2arccos >+ ¢
2 2 2 2
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