SADLER UNIT 3 MATHEMATICS
SPECIALIST

WORKED SOLUTIONS

Chapter 3: Functions

Exercise 3A

Question 1

f (X) = x+1, g(X) = 2x—3, initial domain {0,1,2,3,4}
a {0,1,2,3,4} —1%5{1,2,3,4,5} —21 (11,357}
The range is {~1,1,3,5,7}.
b {0,1,2,3,4} —90 5 -3 —1,1,3,5} — 5 (-2,0,2,4,6)
The range is {-2,0,2,4,6}.
c {0,1,2,3,4} -9 503 1,1,3,5} —2% {9 -5-1,3,7}

The range is {-9,-5,-1,3,7}.
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Question 2

f(x)=x+3, g(x) = (x—1)*, h(x) = x’, initial domain {1,2,3}
a {1,2,3}—2 4,5 6} —2% (9,16, 25}
The range is {9,16,25}.
b {123} %518 27} %10, 49, 676} — (3, 52, 679}
The range is {3,52,679}.
c {1, 2,3} —%5{4,5 6} —21 {9, 16, 25} —*5{729, 4096, 15625}

The range is {729, 4096, 15625}.

Question 3

f(X)=x+5,g(x)=x-5
a For f(x) the domainis {x € R} and the range is {y € R}
b For g(x) the domain is {x € R} and the range is {y € R}
c For f(x)+g(x) the domain is {x € R} and the range is {y € R}
d For f(x)—g(x) the domain is {x € R} and the range is {y e R:y =10}
e For f(x) e+ g(x)=x*—25 the domain is {x € R} and the range is {y e R:y >-25}

For T _x+35 the domain is {x € R:x# 5} and the range is {y e R:y =1}

g(x) x-5
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Question 4

f(X)=3x+2, g(x):%, h(x) =X

2
3X+2

b V3Xx+2 =ho f(X)

a

=gof(x)

c E+2=fog(x)
X

d 3JX+2=foh(x)

e %=goh(x>

f \E:hog(x)
X

g 9x+8=fof(x)
h x"** =hoh(x)

i 27x+26=fofof(x)

Question 5
f(X)=2x-3, g(X) =4x+1, h(x)=x* +1

a fof(X)=2(2x-3)-3 =4x-9

b gog(xX)=4(4x+1)+1=16x+5

c hoh(xX)=(X*+1) +1=x*+2x> +2

d fog(x)=2(4x+1)—-3 =8x—1

e go f(X)=4(2x-3)+1=8x—11

f foh(x)=2(x*+1)-3 =2x*> -1

g ho f(X)=(2x-3)"+1=4x>-12x+10
h goh(X)=4(x> +1)+1 =4x>+5

i hog(X)=(4x+1)> +1 =16X> + 8x +2
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Question 6

f(X)=2x+35, g(X)=3x+1, h(x)=1+g
X

Q

fof(X)=2(2x+5)+5=4x+15

b gog(x)=33x+1)+1=9x+4

c hoh(X) =1+ 2 14 2 C140x X :x+2+2x:3x+2
142 X+2 X+2 X+2 X+2
X X
d fog(X)=20Bx+1)+5=6Xx+7

e go f(X)=3(2x+5)+1=6x+16

f foh(x):2(1+gj+5:2+i+5:7X+4:B+i:7+i
X X X X X X

2 2X+5+2 2X+7
2X+5 2X+5 2X+5

¢} ho f(x)=1+

h goh(x)=3(l+gj+1=4+g
X X

2 3Xx+3  3(x+1)

i hO X)=1+ =
9(x) 3x+1 3x+1 3x+1

Question 7

f(x)=x—-4, g(x)=/x
gIf(x)]=vx—4,x>4

Domain {XG]R:XZ4}

Question 8

f(x)=4-x, g(x)zx/;
glf(x)]=v4-x, x<4

Domain {x € R:x <4}
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Question 9
f(x)=4-x%, g(x)=x
g[f(X)]=v4-x>,-2<x<2

Domain {xe R:-2<x<2}

Question 10
gl f ()] =/4—|x,4< x<4
f0)=4-x, g0 =x

Domain {XGR:—4£XS4}

Question 11

f(X)=x+3, g(X)=Vx-5

gl f ()] =/x+3-5=/x-2,x>2

Domain {XGR:XZ2}

Question 12

f(X)=x-6, g(X)=vx+3

gl f(X)]=+/x—6+3=/x-3, x=3

Domain {xeR:x>3}
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Question 13
2 1
f(X)=x"+3,9(x)=—
X
a f(3)=3+3=12
b f(=3)=(-3)*+3=12
1
c )=~
g(2) >

d g =1
f(g)=f1)=1"+3=4

e f)=1"+3=4

g(f(l))=g(4)=%

f f(x) = x> +3 Natural domain{x e ]R} = —

Range {yeR:y>3} B
g g(x)= 1 Natural domain {x e R:x # 0}
X
Range {yeR:y;tO}
h gf ()= 3 Natural domain {x € R} -
1 R
Range {yeR:0<y£§} 1
1Y
i fg(x) = (—j + 3 Natural domain {X eR:x=# O}
X

Range {yeR:y>3}
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Question 14

f(x)=25-%%, g(X) =X

a  f(5=25-5=0
b f(=5)=25-(-5>=0
c  g@W=v4=2
d  fg(4)=f(2)=25-2> =21
e gf@)=925-16)=g()=\9=3
f the natural domain of f is {x € R}, the range of fis {yeR:y<25}
g the natural domain of gis {xeR: x>0}
the range of gis {yeR:y >0}
define f(x)=25-x2
h the natural domain of gf is {x e R:-5<x <5} done
define g(x)=vx
the range of df is {yeR:OSySS} done
g(f(x))
i the natural domain of fgis {xeR:x>0} (cx2425) 05
. o F(8(x))
the range of fgis {yeR.y_25} —x+25
Question 15
a the natural domain of go f(x) is {xe R:x =1} define f(x)=x+2 ;
. define g(x)=%
the range of go f(x) is {yeR:y =0} x=3
done
g(f(x))
b the natural domain of f o g(x) is {xeR:x# 3] 1
x—1
. f(g(x))
the range of f og(x) is {yeR:y =2} 1,
x—-3
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Question 16

a the natural domain of go f(x) is {xe R: x>0}

the range of go f(x) is {yeR:y>-1}
b the natural domain of f o g(x) is {XERIXZ%}

the range of f og(x) is {yeR:y >0}

Question 17

a the natural domain of go f(x) is {x e R:x# 0}
the range of go f(x) is {yeR:y >0}
b the natural domain of f o g(x) is {xeR:x> 0}

the range of f o g(X) is {yeR:y>O}

Question 18

The natural domain of g(Xx) is {X eR:x> O}
f [9(x)] has a one-to-one relationship for {x e R:x >0},

and hence it is a function.

The natural domain of f(x) is {X € R} ,

which includes values of X which are less than zero.

And hence g f(x)] is not a function for the

natural domain of f(X).
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define f(x)=vx
done
define g(x)=2x-1
done
g(f(x))
2-x0-5-1
f(g(x))
(2:x-1)0-3
. _1
define f(X)__Tf
X
done
define g(x)=vx
done
g(f(x))
1 10.5
2)
flg(x))
1
X
define f(x)=x+3
done
define g(x)=vx
done
g(f(x))
flg(x))
XU'5+3




Question 19

The natural domain of g(x)is {x e R:x# 5} define f(x)=x+3
done
f [9(X)] has a one-to-one relationship for {xeR: x>0}, define & (x) =X£_5
and hence it is a function. done
g(f(x))
The natural domain of f(x) is {xe R}, 1
x—2
which includes the value of X =5and hence g f ()] fg(x))

143
is not a function for the natural domain of f(x). x=3
Question 20 define f(x)=x%-9

done
a The natural domain of go f(x) is {X eR:x# i3} 1
define g(x)=;
. 1 done
the range of go f(x) is {yeR:yS—g}u{yeR:y>0} £(F(x))
1
2
b the natural domain of f o g(x)is {xeR:x# 0} x“-9
flag(x))
. 1
the range of f og(x) is {yeR:y>-9} X—2'9
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Exercise 3B

Question 1
a f(x)=x
Natural domain is {X € R} and range is {y e R}.
f '(x) = x with domain {Xx R} and range {y e R}.
So the function has an inverse on the natural domain.

Check: f(3)=3and f'(3)=3.

b f(X)=2x+3

Natural domain is {X € R} and range is {y € R}
f(x)= XT_?) with domain {X € R} and range {y e R}.

So the function has an inverse on the natural domain.

Check: f(3)=9and f'(9)=3.

c f(x)=5x-3
Natural domain is {X € R} and range is {y € R}

f'(x)= XT+3 with domain {Xx € R} and range {y e R}.

So the function has an inverse on the natural domain.

Check: f(3)=12and f'(12)=3.

d fx)=x
Natural domain is {X € R}

The function is not one-to-one, f(—1)=1 and f(1)=1, so the function does not have an inverse
on the natural domain.

e f(x)=(2x-1)

Natural domain is {Xx € R}

The function is not one-to-one, f(0)=1 and f(1)=1, so the function does not have an inverse on

the natural domain.
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f f0)=x"+4
Natural domain is {Xx € R}

The function is not one-to-one, f(—1)=5 and f(1)=5, so the function does not have an inverse
on the natural domain.

9 f(x)= 1
X
Natural domain is {XeR:X# 0} and rangeis {yeR:y =0}
f(x)= 1 with domain {X e R:x# 0} and range {y € R:y # 0}, so the function has an inverse
X
on the natural domain.
Check: f(3)= 1 and (lj =3.
3 3
h 1
f(X)=——
() 3

Natural domain is {XeR:X#3} and rangeis {yeR:y =0}
f’l(x):l+3 with domain {XeR:X#0} and range {y € R:x#3}
X

So the function has an inverse on the natural domain.

Check: f(2)=-land f™'(-1)=2.

f(x):%

Natural domain is {XxeR: X # 0}

The function is not one-to-one, f(—1)=1 and f(1)=1, so the function does not have an inverse
on the natural domain.

Functions a, b, ¢, g, h have inverse functions on their natural domain.

Question 2

f(x)=x-2

X—23Xx—-2

X+ 22X

f'(X)=x+2, Domain R, Range R.

11
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Question 3

f(X)=2x-5

X—2 52x = 30x-5
X+5\ 2 X452 X
2

X+5
f(x) = Domain R, Range R.

Question 4
f(X)=5x+2
25 5x 2 5 5%+2
X2 5y 92
5
f'(X)==——=, Domain R, Range R.
Question 5
1
f(X)=——
(0=
X —4 > X —4 Invert N 1
X—4
l+4\ +4 l ,Invert X
X X

1
f‘l(X)=;+4, Domain x#0, Range y #4.
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Question 6

1
f(X)=——
(x) X+3

Invert 1

X+3

X >X+3

1 51
—_3¢ 3 - < Invert X
X X

1
f’l(X):;—3, Domain Xx#0, Range y #-3.

Question 7
1
f(x)=
(x) 2X-5
X x2 \ZX -5 \2X_5 Invert 1
2X-=5
l(l+5j< +2 l+5< +5 l Invert X
2\ X X X
f‘l(x):%£l+5j:%+§zlzsx, Domain x#0, Range y #2.5.
X X X
Question 8
f(x)—1+——L—
2+ X
X +2 >X+2 Invert N 1 +1 ,1+ 1
X+2 X+2
1 _2< -2 1 < Invert X—l( -1 X
Xx—1 Xx—1

1
f‘l(x)=ﬁ—2, Domain X#1, Range y #-2.
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Question 9

1
f(x)=3—
-1
X -1 )X—l Invert N 1 x(-1) N 1 +3 >3_ 1
x—1 x—1 x—1
1 +1 l Invert +(-1) -3
+1 < < 3—X« X—3 «——X
3—-X 3—X
4 1 1 )
f7(X)=1-——=——+1, Domain X#3,Range y #1.
X—-3 3-X
Question 10
2
f(X)=4+
(x) 2x—-1
X x2 2X -1 >2X_l Invert N 1 x2 N 2 +4 >4+ 2
2x—1 2x -1 2x -1
1 +l 22 2 ]t 2 o Invert X—4 2 x_4 4y
X—4 2 X—4 X—4 2

f”u):—lz+%,Dmnﬂnx¢4,ngey¢05.

X_

Question 11

f(x)zx&

x —%5x

2
G

f'(x)=x?, Domain x>0, Range y>0.
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Question 12
f(X)=+vx+1

X 1o+l — s x+1

XP -1 —x* « X

f'(X)=x*>—1, Domain x>0, Range y>-1.

Question 13

f(x)=+2x-3

x> +3 )

X 2 50X S 3ox—3 — 5 ox—3

2 P 43¢E P XX
4 X +3 .
f(x)= 5 , Domain x>0, Range y>1.5.
Question 14
f(X)=2x+5
X—252x 2 52X+5
XD 2y s5e5
2
X—5
f'x)=—=
(X) >
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Question 15

g(xX)=3x+1

X >3X L y3x+1

4 X—1
X)=——
g (% 3

Question 16

h(x) = 1+g
X

Invert l x2 \E +1
X

h“(x):i
Xx—1

Question 17

fo fl(x)zz(xT_s}szx

Question 18

f’lof(x):wzx

Question 19

f ohl(x):z(ilj+5:—+5
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Question 20
fog(X)=203x+1)+5=6x+7

- X=17

fog) (x)=—HO
(feg) (0=
Question 21

X=5 1
1 (x=T7) x-7

-1 o f -1 X) = 2 = —( ] =
d *) 3 30 2 6
Question 22

x—1 2x+13
fogl(X)=2| 22— |+5=
9= )s 25

Question 23
a Is a function, passes the vertical line test, one-to-one.
b Is not a function, for some values of X there is more than one Yy value.
c Is a function, not one-to-one.
d Is not function, for some values of X there is more than one Yy value.
e Is not function, for some values of X there is more than one Yy value.
f Is a function, passes the vertical line test, one-to-one.
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Question 24

For f(X) restrictedto x>0 then f'(X)=+/x-3, domain X>3 and range y>0.

(or f(x) restricted to X<0 then f'(X)=-+/X-3, domain X>3 and range y<0.)

Question 25

For f(x) restricted to X >-3 then f'(X)=-3+ Jx , domain X>0 and range y>-3.

(or f(x) restricted to Xx<-3 then f'(Xx)=-3 —Jx , domain X>0 and range y<-3.)

Question 26

For f(X) restrictedto X>3 then f'(X)=3++/Xx—2, domain X>2 and range y>3.

(or f(x) restricted to X<3 then f'(X)=3-+/X—2, domain X>2 and range y<3.)

Question 27

For f(x) restricted to 0 <X <2 then f'(x)=+4-x*, domain 0<Xx<2 andrange 0<y<2.

(or f(x) restricted to —2<X <0 then f'(Xx)=—/4—x*, domain 0 <X <2 and range -2<y<0.)
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Exercise 3C

Question 1

Question 2

y=|2x-2|

y=3+fx-2|
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Question 4

| 7-fie-17-1]

I
sod
%)

_4,_
Question 6
¥
()_
1 ¥ =[a]+|x -3
y=|x|
3_ y=|x=3]
_I3 T T | 1 1 1 1 I5 x
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Question 7

a iy b Y

—4 i} 4 ¥ —4 i x
—1'_ _1__
Question 8
a Y y=|fx) b y
54 5
1 1 =1
_Iﬁ T T f T T ] T T T | T é "~ _l(}I T | T | |
5] 5
Question 9

In the first and fourth quadrants (see the diagram) the graph of y = g(| x|) will be
the same as that of y = g(x). However, in the second and third quadrants the
graph of y = g(| x|) will be those parts of y = g(x) that lie in the first and fourth
quadrants, reflected about the y-axis.
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Question 10

a The function g(x)=(x+1)* has domain R and range {yeR:y>0}.

The function f(X)=2++/X has domain {xeR:x>0} and range {yeR:y>2}.
Thus g(x) is defined for all real x and the output from g(X) consists of numbers that are all
within the domain of f(X). Thus f[g(x)] is defined for all real x.

R—>

9(x) =(x+1)’

—>yeR:y>20—>

f(x)=2+/x

Thus f[g(x)] has domain R and range {yeR:y>2}.

b FIg(0] = 2+ /(X +1)? = 2+[x+1]

—>yeR:y>2

c J
ﬁ -
V5= flew]
=2+|x+1|
_|5 T T T 1 | T T T T ;‘_ :r
Question 11
a The function g(X)=(x—2)* has domain R and range {yeR:y>0}.

The function f(x)=1-+/X has domain {xeR:x>0} and range {yeR:y<1}.
Thus g(x) is defined for all real x and the output from g(X) consists of numbers that are all
within the domain of f(x) . Thus f[g(x)] is defined for all real x.

R—

g(x) =(x-2)’

—->yeR:y>20—>

f(x)=1-+/x

Thus f[g(x)] has domain R and range {yeR:y<I}.

b Flg(0]=1-(x=2) =1-|x~2]

y=flg)]

- =1-|xr-2|
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Question 12

a x=3,7
b Xx==-2,6
c x=4,8
Question 13
a x=1,-4

v=|2x+ 3|

/y Ry

Question 14
a,bandc

¥ y=|r+2|+|x -3

d |x+2|+[x=3|<9 for —4<x<5.
Question 15
x+6|=1
X+6=1 -X-6=1
X=-5 -x=7
X=-=7
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Question 16
[x=3]=-5
There is no solution as the magnitude of any number must be positive and not negative.

Ty
=1
4

2
1

-9-8 -F-6-5-4-2-2-10 12 3 4 5 & 7 8 9
=1
—2|
—3
—4

(%[ ]
Question 17
[x—10=|x—6|
X—=10=-x+6 —X+10=-X+6
2x=16 1016
X =8 is the only solution
Question 18
|x+5]=|2x-14]
X+5=2x-14 -Xx-5=2x-14
X=3
Question 19 N
|x=3|=2x .
_X+3:2X - -8 -7 -6 -5 -4-3-2-1 125‘45578‘3"
3x=3 j
x=1 -
EIEA
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Question 20

|x+5]+|x=1|=7
X+5+x-1=7

—X=5-x+1=7

2Xx=3 -2x=11
Xx=1.5 X=-5.5
Question 21
|x+ﬂ+h—ﬂ=8
X+5+%x-3=8 —X=5-%X+3=8
2X=6 -2x=10
X=3 X=-5
%] %]
-5<x<3
Question 22
X>8
s S~
“To \\/E
: L | . &[]
Question 23
|x—ﬂ2h+ﬂ
Xx<—1
Question 24
2x—5|>-5
XxeR
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Question 25

[x=11]>[x+5|

X<3

Question 26

x+4|>x+2
xeR

Question 27

2x+5|>a
2(3)+5=a

11=a
-2b-5=11
b=-8

Question 28

[x=3|<|x-a|

-5+3=5-a
7=a

|x=3|<[x-7

Question 29

2x+35|=x+a
2(-4)+5=-4+a

a=1

|2x+5| < x+1

AN
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Question 30

¥

[® ]

/
/

c=3
[
— / :
o[
[T 0n

26
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Exercise 3D

Question 1
2

y=—
X

Vertical asymptote at X=0.

Question 2
y= 5
x—1

Vertical asymptote at X=1.

Question 3

5

Y= 3%

. 1
Vertical asymptotes at X=3,X= 3

Question 4

Vertical asymptotes at X=3.

Question 5
3

y=—
X

y =0 cannot be obtained.
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Question 6

y:2+é
X

y =2 cannot be obtained.

Question 7

y =0 cannot be obtained.

Question 8
y_x—l
X+1

y =1 cannot be obtained.

Question 9
yo L
X-5

As X — 400 theny — 0"

As X— —oo theny — 0~

Question 10
y_x+2
X—2

As X — +oo theny — 1"

As X — —o theny —> 1~
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Question 11

57 +7x-3
X +6

As X — 400 theny — 57
As X —> —oo theny — 5~

Question 12

_3X(X+2)
x> +1

As X — 400 theny — 3"
As X — —oo theny — 3~

Question 13
y= 1
X-3

As X — 3" theny — +o0
AsX—>3 theny —» —©

Question 14
y= 1
1-X

AsX—1" theny —» —0
AsX—>1 theny — +o

Question 15
x> +1
y= 2z

As X — 0" theny — +o©

AsX— 0 theny — 400
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Question 16

(X +3)(x-3)

30

e
&
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|
|
=
I =
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| <
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_.n. f (o] o _
_ b b |
o ] _
& & _
Pl
&
— o
A
|
i
x N
~ o TA o o4
- =~ o1 - -
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Question 22

y
y=2 4,2)
0,2)
X
Question 23
y
y=1
M_'_____._——’-
(3,0) =
Question 24
| y
|
e
i =
i 2,0
i ©.-2)
(-2,-18)
Question 25
1T ¥
/ ’
|
|
I
| (1,0)
i T —e——
! (3.-1]
(-1,-1) Y
e
!
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Question 26
oy

x=-1

-
N
#
Question 27
b
(L
| =
I
I
|
I
.o/ |
(0,—2) //:
// |
) |
I
I

Question 28

b

Il
*

1,1)"

.‘-/('—3,0)

Question 29

b

'
|
|
|
|
|
|
|
|
|
|
| .-

-

[l
|
|
|
|
|
|
|
|
'




Question 30

¥y
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Miscellaneous Exercise 3

Question 1

X +7x* +19x+13=0

(X+D)(X* +6x+13)=0
(x+1)(x+3+%\/—16J(x+3—%\/—16j =0

X=—1,—3+2i,—3-2i

Question 2

a Asymptotes occur when X—1=0 and x+3=0.
a=-3andb=1.

b y=(X=D(x+3) =% +2x-3 = (x+1)* ~4
When x = -1, y:;:_l

(-1-1)(-1+3) 4

Point C has coordinates (—1, —%j

Question 3

—10+

© Cengage Learning Australia Pty Ltd 2019

33



Question 4

Question 5

a Domain {xeR:2<x<4}
Range {yeR:-1<y<3}

b Domain {xeR:-1<x<3}
Range {yeR:2<y<4}

c N G

(29 _I:]

d fI()=vx+1+2

© Cengage Learning Australia Pty Ltd 2019

34



Question 6

a pa =gb, in order for this to be true p=q=0

b (p—3)a=qb, in order for this to be true p=3 and q=0.

c (p+2)a=(g-1)b, in order for this to be true p=-2andq=1.

d pa+2b =3a—qgb, which is only true if p =3 and q = -2.

e pa+qa+ pb-2gb=3a+6b
p+q=3
p-20=6
30=-3 = q=-Lp=4

f pa+2a—-2pb=b+5gb-Qa
pa+2a-2pb=b+5gb—-qQa
Equating coefficients:
p+2=-q 1]
-2p=1+5q [2]
Substituting [1] into [2]:
2p=1+5(-p-2)

3p=-9 = p=-3,q=1

Question 7
a=-9i+21jand b = 5i - 3j

a 2p+59=-9 c
4p-3g=21
13g=-39 = q=-3,p=3
—9i+21j=3a-3b

b 2p+5q=4 d
4p-3q=-18
13g=26 = q=2,p=-3
4i—18j=-3a+2b
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2p+59=-7
4p-3q=12

13g=-26 = gq=-2,p=1.5
—7i+12j:§a—2b
2p+59=-34
4p-39=23

13g=-91 = q=-7,p=0.5

—34i+ 23] =%a—7b
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Question 8

a L 3+543i X—3—2\Ei b =12 +(—3) =2
3+2031 —3-24/3i

—9-64/3i—15y3i - 302 tan=—3
9-12i° 0 :_%
21-214/3i :
== = T —1-43i
21 \/_ z :2cis(—£j
3
Question 9
1 1 . (7[)
——=—cis| —
4cis(—ﬂ) 4 6
6
a=lcos£=£, b=—sin==—
4 6 8
z =£+il
8 8
Question 10
p=iz, q=-z, w=-iz
Question 11
Z =20isZ andW=lcisZ
4 6
a e
ZW = 2cis £+£ =20iss—ﬂ W9=lci59—”
4 6 12 6
b . zlcis3—7[ (not in the domain)
—=2015(———j =2c1s(—j 2
w 6 12 .
=lcis[——)
2
c f
w? = lcis(%+—j =lcis=— 2’ = SIZCiS% (not in the domain)
. T
d \ —512c1sz
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Question 12
—/3+i= 2<:iss—7T

12
(—x/g + i) =2" cis(lz x%j (by de Moivre's theorem)

= 4096 cos (0) +isin (0)]
— 4096
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