SADLER UNIT 4 MATHEMATICS
SPECIALIST

WORKED SOLUTIONS

Chapter 8: Differentiation techniques and
applications

Exercise 8A

Question 1
Given Xy+8x=10-2y
Differentiate with respect to X:

d d d

d
— —(8x)=—(10)——(2
dx(xy)+dx( X) dx( ) dx( y)
d d d d d
— —(X)+—(8x)=—(10)——(2

de(y)+ydx(x)+dx( X) dx( ) dx( y)

d dy d d d d dy
— ()2 +y—(X)+—(8x) =—(10)——(2y)-=
Xdy(y)dx+ydx(x)+dx( x) dx( ) dy( y)dx

dy dy

X—+Yy+8=0-2—
dx dx

(x+2)ﬂ=—y—8
dx

dy -y-8
dx o (x+2)
dy y+8
dx x+2
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Question 2
Given Xy+Yy—-4x=3x"-5

Differentiate with respect to X:

a4 ) 50

d d d
x—(y)+ —x+— ——4x =—(3x*)——(5
dx(y) Y 0+ (= )dx( )dx()
d dy dy d d o\ d
X— — X)=—(3X")——(5
oSl <> <y> ()= (3%) - 9)
xﬂ+y+ﬂ—4=6x
dx dx
ﬂ(x+1)=6x—y+4
dx
dy 6x-y+4
dx X+1
Question 3
Given Yy’ —2x=3x’y
Differentiate with respect to X:
d d d
—(y3)——(2x)=—(3><2y)
d d
—( ) g (20 =3¢ —<y>—+y—(3x)
dy dy
3yr =L —2=3x"L 4+ yx6X
y dx dx yx
dY (h2 42
—(3y"=3x")=6Xxy+2
OIX(y )=6xy
dy  6xy+2
dx 3y’ -3x°
_ 2(1+3xy)
3(y* —x?)
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Question 4
Given Yy’ =2xX’y+5x
Differentiate with respect to X:
d , d d
— =—(2x —(5X
dx(y) dx( y)+dx( )
d ,.dy , d dy d ., d
— —=2X"—(y)—+y—(2Xx")+—(5X
dy(y)dx dy(y)dx ydx( ) dx( )
2yd—y:2x3ﬂ
dx dx
Q(Zy—2x3):6x2y+5
dx

+Y6X>+5

dy  6x’y+5
dx  2(y—-x)
Question 5

Given 5y’ =X’ +2xy—3X

Differentiate with respect to X:
d » d ., d d
— Yy )=—x)+—(2xy)——(3x
dx( y9) dx( )+dx( y) dx( )
d N d dy
— 5y )—=2x+2x—(y)— 2-3
dy( y )dx + dy(y)dx+yx

IOyﬂ: 2x+2xﬂ+2y—3
dx dx

y(lOy—Zx) =2X+2y-3
dx

dy _ 2x+2y-3
dx  2(5y-X%)
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Question 6
Given X+3y>=5+x>+2xy

Differentiate with respect to X:

& s 3y sy Dy &
&(x)+&(3y )—dx(5)+dX(X )+dx(2Xy)
d

&(2x)

d . ,.dy d dy
T+ —(3y?) L = 042X+ 2X~— (y) L +
dy( y )dX dy(y)dX y

1+6yd—y:2x+2xd—y+ yx2
dx dx

ﬂ(6y—2x)=2x+2y—1
dx

dy 2x+2y-1
dx  2(3y-x)

Question 7
Given X’ +Yy’=9x
Differentiate with respect to X:

4 yad gy 4
&(X)+dX(Y)—dX(9X)

d ., dy
2X+— —=9
dy(y )dX
&y
dx
dy 9-2x
dx 2y

2X+2y
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Question 8
Given X°+Yy’> =9y

Differentiate with respect to X:
d , d , d
—(X)+— =—(9
dx( )+dx(y) dx( Y)
d ,dy d dy
2X+— —=—0y)—
+dy(y )dx O|y( y)dx

dy _ody
dx dx

EX(9—-2y):2x
dx

2X+2y

dy _ 2x
dx 9-2y

Question 9
Given X’ +Yy’=9xy
Differentiate with respect to X:

4 ys L gy 8
&(X )+dx(y )—dx(9XY)

d ,.dy d dy d
2X+— —=9X—(y)—+y—(9X
+dy(y ) dy(y)dx+ydx( )

2x+2y9x:9xgx+yx9
dx dx
EX(2y—9x):9y—2x

dx

dy _9y-2x
dx 2y-9x
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Question 10
Given X*+Y’ =9Xy+X+Yy
Differentiate with respect to X:

LR DS DT DL
&(X )+dx(y )—dx(9Xy)+dX(X)+dX(y)

d . dy d dy d d d dy
2X+—(Y}) == = 9X—(Y) ==+ Y — (9X) + — (X) + —(Y) —=
dy(y )dx dy(y) ix ydx( ) dx( ) dy(y) dx

2x+2yﬂ:9xd—y+ yx9+1+ﬂ
dx dx dx

d—y(2y—9x—1):9y+1—2x
dx

dy 9y+1-2x
dx 2y-9x-1

Question 11

Given sinX+cosy=10
Differentiate with respect to X:

d . d dy d
—(sinX)+—(cos y)—=—:(10
dx( ) dy( y)dx dx( )

cosx—siny%zo
X

ﬂ_ cos X
dx siny
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Question 12
Given 3+X’cosYy =10xy

Differentiate with respect to X:

d d d
—(3)+— —— (10
dx( )+dx(x cos y) dx( Xy)
d dy d d . dy _d
0+ x> — = —(x*) =10X— (Y) =L + y— (10X
+ dy(cosy)dx+cosydx( ) dy(y)dx+ydx( )

x> (—sin y)ﬂ+cos yx2X = lOXﬂ+ yx10
dx dx

%(—IOX—XZ sin y)+2xcosy =10y

dy 2(5y—xXcosy)
dx  —(10x+x’sin y)
dy 2(Xxcosy-5Y)
dx 10X+ x’siny

Question 13

Given 6X+Xy+20+2y=0

Differentiate with respect to X:

d d d d . .dy
—(6X) +—(XY) +—(20) +—(2y) -~ =0
dx( )+dx( y)+dx( )+dy( y)dx

d dy d dy
6+X—(Y)—+y—(X)+0+2—=0
i dy(y)dx+ydx( )+0+ dx

6+x%+ y+2ﬂ:0

X dx
d—y(x+2):—y—6
dx

dy _-y-6

dx x+2

At the point (-3, 2), d—y=_2_6=__8=g
dx -3+2 -1

The gradient of 6X+Xxy+20+2y=0is 8.

© Cengage Learning Australia Pty Ltd 2019



Question 14

Given 6Yy+Xy =10+3x

Differentiate with respect to X:

dy d (xy)——(10)+—(3x)

—( N
—( y)dy d (xy)——(10>+—(3x>

6ﬂ+ xi(y)ﬂ+ y—(X)=0+3

dx dy ““dx " dx
6ﬂ+xﬂ+y:3
dx  dx
dy _3-vy
dx x+6

At the point (2, 2), dy 1 0.125
dx 8

The gradient of 6X+xy+20+2y=0is 0.125.

Question 15
Given 5+X’ =xy+Yy’

Differentiate with respect to X:

d d . d d , dy
—O)+— ) =—xy)+—(y)==
dx( )+dx( ) dx( Y)+dy(y )dx

d dy d dy
0+3%> =Xx—(y)—=+y—(X)+2y—=
dy(y)dx ydx( ) Y ik
dy dy
3 =X—=+y+2y—=
dx y ydx

d—y(x+2y)=3x2 -y
dx

dy 3x’ -y
dx x+2y

39 3 -(3)__6

At the point (1,
1+2(-3) 5
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Question 16
Given Y’ +3Xxy =4x
Differentiate with respect to X:

LIV

iy o (3 Xy) = —(4X)

dy

2
Y ax

d dy
3X—(Y)—=+y—(3x)=4
+ dy(y)dx+ydx( )

dy dy
2y ——+3Xx— 3=4
ydx+ dx+yx

ﬂ(3x+2y)=4—3y
dx
dy  4-3y
dx 3x+2y

. d 4-3(4 16
At the point (1, —4), d—i =3(l)+—(2(_l):—? =-32.

Question 17

Given x>+ = 2y

X

Differentiate with respect to X:

d . d(y) d
d_(x )+_(;j_dx(2y)

d dy
—(y)> v 9
x4 dy dx2 dx :i(zy)ﬂ
X dy dx
dy
pxa G 0
X dx
2x3+xﬂ—y_2x2ﬂ
dx dx
%(2x2—x)_2x3—y
dy _ 2%’ -y
dx  2x—x

At the point (1, 1), dy =
dx

The tangent to the curve has gradient of 1 and by substituting (1, 1) into the equation y =1Xx+¢C it
follows that y =X is the equation of the tangent to the curve.
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Question 18

Given 5X*+\xy =5+’

Differentiate with respect to X:
d ., d
- 5X - —_— - —Z
o )+dX(J—) (5)+ (y)

10V () e Y (V)= 0+2ydy

dx dx
oo ek
" 10x+2\%
dx
30)
10(4)+‘/§ 163

4 4 489

(2(9)_25_] 533 212

At the point (4, 9), — =

The gradient, at point (4, 9) is @

212

Question 19
QGiven

dy .,

—~ =X

dx y
d’y _,dy
— =X — 2X
dx? dx Ty@x)

2

dx2y = x2(xy) + y(2X)

=x'y+2xy
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Question 20
Given X +4y’>-2x+6y=17

Differentiate with respect to X:

%(xm (4y)dy d(z) (6y)ﬂ=i<l7>

2x+8ydy 2+6dy 0
dx dx

dy _ 2(1-x) _ 1-x
dx 2(4y+3) 4y+3

When the gradient is zero, X = 1.
By substituting X = 1 into the original equation, findy=-3 ory = L.5.

The tangent to the graph is horizontal at (1, —-3) and (1, 1.5).

Question 21
Given X +Yy’ —4Xx+6y+12=0

Differentiate with respect to X:

d d d d
L x)+ —<y >—y——(4x)+—(6y> L+ (12)=0
dx dx
2x+2yﬂ—4+6ﬂ:0
dx dx
dy 4-2x
dx 2y+6

When the gradient is undefined, the tangent to the curve is vertical. This occurs when 2y + 6 =0, so at
y=-3.
By substituting y = —3 into the original equation, find X =1 or x = 3.

The tangent to the graph is vertical at (1, —-3) and (3, -3).

11
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Question 22
Given y—-y =x"+x-2
Differentiate with respect to X:

d dy d dy d
TN )=
y

,. d d
- — () ——(2
dx dy dx dx (x )+dx(x) dx( )

d—y—3y2ﬂ=2x+1—0
dx dx

dy _ 2x+1
dx 1-3y°

At (1, 0), ﬂ=3.
dx

2 dy
d’y _ (1=3y1)(@) = (2x+D(=6y)

dx? (1-3y?)
2x+1
(1—33/2)(2)—(2X+1)(—6)’)1 3+2
_ -3y
(1-3y*)’
_2(1-3y*)" +6y(2x+ 1)’
(1-3y?*)’
d’y
At (1,0), —=2.
( )dx2
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Question 23
Given X’ =2siny

d , d
— (X )=—
dx( ) dy

Differentiate with respect to X:

2x=2cos yﬂ
dx

ﬂ X

dx cosy

(2siny) ﬂ
dx

6

[y—szzﬁw—l)

6 3
23 03 oz
3 3 6

6y =43x-43 +7

Question 24

Given y* +cosx =3y +1

Differentiate with respect to X:

d ,.dy d d dy d
— —+— X)=—Q@y)—+—(
dy(y)dx o (C08%) OIy( VD

2yﬂ—sinX:3ﬂ
dx dx
dy _ sinX
dx 2y-3
(2y—3)cosx—25inxﬂ
d’y _ dx
dx’ 2y-3)°
. sinX
2y-3 X —2sin X
:( y—3)cos sin 2y_3
2y-3)’
_ (2y-3)’ cos x—2sin’ X
(2y-3)°
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Question 25

Given 2siny—x’ =2x+1

d ) d
Differentiate with respect to X: —(2sin y)—y —-—
dy dx dx

2cosy gy

—-2x=2+0
X

dy _ x+1
dx cosy

Aty W 2l ol 2 243
67 dx (ﬂj
COS 3

d d ) dy
dzy ) cos y{dx(x)+dx(1)}—(x+1)(—sm y)&

dx? cos’y

cos y(1+0) + (X +1)(sin y) L
COS

cos’ y
_cos’ Y+ (X+1)*(siny)
cos’ y

2
At (2,7, LX:%
6" dx 9
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Question 26
Given 3x*+y* =9

Differentiate with respect to X:

d d dy d
—BxX)+—(y)—==—(9
dx( ) dy(y)dx dx()
6x+2yd—y=0

dx
dy_ 3x
dx y
Y _ | when —3—=—1
dx
y =3X

Substitute this back into the original equation to get:

3% +(3x)" =9
3 4+9x* =9
12x* =9

X2 =3
4

NG
2

I+

X =
Substituting these values into the original equation gives
L B 383 J (ﬁ 33 J

T P )

27’ 2

The diagram shows the tangent lines with gradient of —1 and the two
points where the tangent lines meet the ellipse.
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Exercise 8B

Question 1
a X =3sin2t

% =6co0s 2t
dt

b y =2cos5t
d_y: —10sin 5t
dt

c d_y_dyxdt_ 5sin 5t

dx dt  dx __3cos2t

Question 2
a X =sin’t

% =2sintcost
dt

b y =cos 3t
d—y=—3sin3t
dt
c ﬂ—ﬂxﬁ— 3sin 3t

dx dt dx __ZSintcost

Using trigonometric identities 2sint cost = sin 2t

Hence ﬂ=——3§m3t
dx sin 2t
Question 3
X=2+3t = d—X=3
dt
dy
=t = L=2t
y dt
dy _dy dt_2t
dx dt dx 3
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Question 4

X =t’ %zzt
dt
y=2+3t = ﬂ:3
dt
dy _dy dt_3
dx dt dx 2t
Question 5
X = 5t =3 %:IStz

y=t>+2t = Y otsr
dt

dy _dy dt _2(t+1)

dx dt dx 15t

Question 6

x=3t’+6t = d—)t(:6t+6

Sy
Y dt (t+1)°
dy dy dt_ 1 I

dx dt dx  6(t+Di(t+D)  6(t+l)

Question 7
x=t* -1 %:H
dt
y=(t—1)2 = ﬂ=2(t—1)
dt

dy _dy dt_at-p_t-1
dx dt dx 2t t

Question 8

t dx -1
_— - =

t—1 dt  (t-1)°
_2 W 2
t+1 dat  (t+1)°
dy _2(t-1°

dx  (t+1)

X =

y

© Cengage Learning Australia Pty Ltd 2019
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Question 9
dx

Xx=t*+2 => —=2t
dt
y="t’ o W
dt
dy _3,
dx 2
When t = ,ﬂz—é
dx 2
Question 10
1 dx 1
X=—- = - -
t+1 at  (t+1)°

y=t’+1 = Yy
dt

@ _ “2t(t+1)°
dx

When t =2, d—y:—36.
dt

Question 11
X=2t*+3t = %=4t+3

y=t'-12t = %=3t2—12

dy 3t -12
dx 4t+3

When d—y=0, t=%2.
dx

The coordinates of the graph when t = 2 are (14, —16).
The coordinates of the graph when t =-2 are (2, 16).
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Question 12

a X=4sint = %=4cost

y=2sin2t = 3—¥=40052t

d_y _ cos2t
dx cost

cos 2t

An expression for j—y in terms of t is

X cost

When t:%’ X=4sin(%j=2 and y=2sin(§j=\/§

The coordinates at t =% are (2,\/§ ).

The gradient at t =g is L

3

When ﬂ:o, cos 2t =

0
dx cost

W
-

T

T

"2

,% (for 0 <t <2m).

2t: b b

t=

H|a NA
NS

2
3n
4

© Cengage Learning Australia Pty Ltd 2019
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Question 13

a 2
S
Y=t

dy 2 tP=-2

dt t? t?

x=2t—l
t

dx 1 2t7+1
o 2tm =
dt t t

dy _t-2 t° _t-2
dx  t° 27 +1 2tP+1

b dzy_i(d_ijﬂ
dx* dtldx) dx
(D2t (17 —2)4t y t?
(2t +1) 2t +1
_ 1ot
St 1)
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Exercise 8C

Question 1
y =3x" +4x
d d .,
—(y)=—(3x" +4x
dt(y) dt( )
dy

dx
— =(6X+4)—
dt ( )dt

Given d_)t( =5

3—¥:(6x+4)><5:30x+20

When x =6, ﬂ =200.
dt

Question 2
A=8p’

d d

—(A)=—(8p°

dt( ) dt( p*)

d_A=24p2d_p
dt dt

Given d_p =0.25
dt

dA

= —6p?

dt P

When p:0.5,d—A=§.
d 2

© Cengage Learning Australia Pty Ltd 2019
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Question 3
X =sin2p

d d
= (X)=—(sin2
dt( ) o (sin2p)

d_X =2cos2 p@
dt dt
Given ap =2
dt

d—X:40052p
dt

Question 4

a T=ZT”\/E

d d(2x

—M=—]ZJL

R E
aT_xd
dt 3.1 dt

Given —L = E
[0 |

dar 5
dat VL
When L =100
ar 1

dt 2

© Cengage Learning Australia Pty Ltd 2019

Rearranging the formula from part a

ar _ = dt
dt 3L dt
dl _3JLdT

dt T dt

Given Z—I: 6rand L=4

dL 34
=——Xbr=

= 36.
dt s
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Question 5

A =sin’(3X)

LA =S 6’6

dA ) dx
—=6 3X 3X)—
o (sin3Xx)(cos3X) pm

Given % =0.1
dt

((jj_':‘ = % (sin 3X)(cos 3X)

When X = -z
36

dA 6(. ﬂj( 7[]
— =—|SIn— || COS—
dt 10 12 12
_6 N26B-1 2B+
10 4 4
_6,26-D
10 16
=0.15

Question 6
P=4r’+3

d d
—(P)=—(4r’ +3
dt( ) dt( )
dP dr

— =8r—
dt dt

Given Z—T =14, rearrange the equation to get:

dr 14
dt sr
Whenr =7
dr

—=0.25
dt

© Cengage Learning Australia Pty Ltd 2019



Question 7
y’ =3x"+1
d o d
— =—(3x +1
dt(y ) OIt( )

2yd—y=9x2%
dt dt

Given % =0.1
dt

gx:2ﬁx0.1
d 2y
Wheny=5,x=2
dy 9x4
dt 2x5
=0.36

x0.1

Question 8

x> +y* =400,x>0
d , d , d
—(X*)+—(y*) =— (400
dt( ) dt(y) dt( )

2x%+2yﬂ: 0
dt dt

Given %:6
dt
& _,
dt
Wheny =12, x=16 (as Xx>0)

12X+2y
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Question 9

Using the formula for the area of a non-right triangle A= %ab sinC

A=50sin X
%(A) = %(50 sin X)

d—A =50cos X%

dt dt

Given % =0.01
dt

dA

—=0.5cos X
dt
When X = z
3
dA

—=0.25cm?’/s
dt

Question 10
Azlx2 sin45°=lx2 ><—2=£x2
2 2 2 4
E(A)zi sz
dt dt{ 4
dA_\2 i
dt 2 dt

Given % =0.1 cm/s
dt

When AC = AB=10 cm (Xx=10cm)
dA V2 V21

—=—2><10><0.1=—=—CII12/S
2 2

dt 2

© Cengage Learning Australia Pty Ltd 2019
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Question 11

From the triangle, using Pythagoras’ theorem
x> +y> =10
d, , d , d
—(X)+— =—(100
OIt( ) dt(y ) OIt( )
dx dy 0

2X—+2
at Yt

Given % =0.1,
dt

0.2x+2yd—y= 0

dt

20 seconds after the increase in length of AB commenced X =4+ 0.1x20 =6cm

Using Pythagoras' theorem to find y, y =+/100—-36 =8cm

1.2+16ﬂ:0
dt

dy =-0.075
dt

The length of BC is decreasing at a rate of 0.075 cm/s.

Question 12
Using the formula for the area of a square.
A=
d d
—(A)=—(I?
o (A) pm ")
dA_d
dt dt
. dl
Given — =0.01cm/s
dt

aA =0.02l

dt
When | =8cm

d—A=0.16cm2/s
dt

The area of the square is increasing at a rate of 0.16 cm? per second.

© Cengage Learning Australia Pty Ltd 2019
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Question 13

For a particular rectangle | =3w.

A=Ilw=3wxw=3w

d d .,
E(A)_EGW )

dA dw
- = 6W—
dt dt

Given (:j—\f[v:lmmZO.lcm

d—A =0.6w

Whenw=10cm

d—A =6cm’/s
dt

The area of the rectangle is increasing at a rate of 6 square centimetres per second.

Question 14

For a regular hexagon the area is %az , where ais the length of one side of the hexagon.
A= 33 a’
2
E(A) = i ﬁ a2
dt dt\ 2

dA da
—=33a—
dt \/— dt

Given d—a =1
dt

d—A = 3\@a
dt

When a=20cm
dA

T 60+/3 cm?/min

The area of the hexagon is increasing at the rate of 60+/3 cm?/min when the length of each side is
20 cm.

© Cengage Learning Australia Pty Ltd 2019
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Question 15

a V=i72'r3
3
d d(4
—NV)=—|—nr
at) dt£3” j
dv , dr
dt dt

Given ﬁ =0.1 cm/s
dt
dv

—=04zr‘cm’/s
dt

Whenr =5
av =10zcm’/s

dt

Question 16

a The surface area of a cube has formula
A=06l*

d d .,
E(A) = a(6| )

h_
dt dt

Given ﬂ =0.lcm/s
dt

d—A= 1.2lcm?/s
dt

When | =10cm

d—A: 12cm?/s
dt

12cm?/s is the rate that the surface area

of the cube is increasing when the side
length is 10 cm.

© Cengage Learning Australia Pty Ltd 2019

When (L_\t/ =407 cm’/s

0.47r* =407
r’ =100
r=10cm

The volume of a cube has formula
V =Icm’

d d
V=g
dv dl

= _3]1>P=

dt dt
Given ﬂ =0.1
dt

d—V=0.3I2
dt
When | =10cm
d—V =30cm’/s
dt

30cm’ /s is the rate that the volume of the

cube is increasing when the side length is
10 cm.
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Question 17

The formula for the volume of a cylinder (which is the shape of the oil slick) is V = zr’h.

d d )
E(V)—a(ﬂr h)

We know that the height of the cylinder is 5 cm =0.05m (thickness of the oil slick).

v _ i(o.osfzrz)
dt dt
dt dt

Given d—V =5m’/s
dt

5= 0.17rr£
dt
dr_s0
dt 7zr
a When r =20m b When r =40m
ﬁ 50 ﬂ 50
dt 20z dt 40z
~ 0.80 m/min ~ 0.40 m/min
~ 80cm/min ~ 40 cm/min
Question 18

The formula for the volume of a cylinder is V = zr’h.

a b

d d )
—V)=—(zrh
pm V) p” (zr°h)

We know that the height of the

cylinder is 5r cm
dv

d S
E=a((5r)7rr )= pm (5zr)

d_V =157r’ ﬁ =157r’ 2
dt dt 107z

=3r’cm’/s
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c When r =100m

ﬂ 50
dt 100z
~ 0.16 m/min

~ 16 cm/min

d d
—(SA)=—Qzr’ +zr’h
dt( ) dt( Zr" +7reh)

We know that the height of the

cylinder is 5r cm

dds—tA:%(brr2 + 271 x5r)
d 2 2
:a(2m’ +107zr°)

:1(127”2) 24 &0
dt dt

dS_A = (24;;r)i =4.8r=4.8rcm?’/s
dt 107
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Question 19

The formula for the volume of a cylinder (which is the shape of the oil film) is V = zr’h.

V =zr’*h

d d 2

—V)=—(xr-h

” V) pm (zr°h)

We know that the height of the cylinder is 0.02cm (thickness of the oil film).

WV _9 00227y =0.047r 8
dt  dt dt

Given d—V =lem?®/s
dt

1=0.04rr £
dt

dr_2s
dt zr
a When r=5cm b When r =10cm
g=£=1.6cm/s E=£z0.8cm/s
dt 5z dt  7zr
Question 20
v=2x>-3
a dv b When x=2
— =4X
dx
v=5m/s
dv d )
a:a(zx _3) When x =2
_ I a=(8x5)=40m/s’
dt
=4XxV

=4x(2X* = 3)m/s’
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Question 21

A =0.5%(20+0.2t)* sin 60°

V3

=22(20+0.2t)°
4 ( )
dA \/g

—=——(20+0.2t)
dt 10
When t = 0,side length is 20cm

%=2\/§cm2/s

Question 22

a i when r=1m, ﬁ=Lm/sz4cm/s
dt 8«

ii when r=2m, E=Lm/szlcm/s

dt 32«

b 20 seconds after inflation commences,

V =20x0.5=10m’

r=3/10><3 ~1.3365m
47

o 2 mmss

dt 10x3
873
4
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Question 23
V= l71'r2h
3

Since h=2r, V z%ﬂﬁ

d_V ~ 27zr2£

dt dt

025~ 2m.2ﬂ
dt

£~ 1

dt  8zr?

dr 1 1 :
a When r=2m, — —— m/min

dt  87z(2%) 32«

b When h=2m, r=1Im.
dr 1

dt 8z

dh .
— ~ —m/min
dt 4r

Question 24

As the cross section is an equilateral triangle we can find the relationship between the radius and the
perpendicular height of the cone.

h=\@r?—(r) =-3r
V :lm’zh

3
Since hz\/gr, V

dv dr
— ~37r’ —
dt V3 dt

zﬁﬂﬁ
3

When r = 20,% =0.5cm/s

‘2_\: ~/37(20%)(0.5) ~ 1088.28

V ~1090cm’
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Question 25

a S =27(5%)+27(5h =507 +10xh

d—S:IOE%
dt dt
@

=0.1lcm/s
dt

— =zcm?’/s

dt

Question 26
a S=27r*+2zr(10)= 271> +207r

S _azr+20m) 30
dt dt

ﬂ =0.1lcm/s
dt

r=5+20x0.1=7cm

Z—f =(0.47(7)+27)cm’ /s = 4.8 rcm?/s

Question 27

V =z(5°)h=257h

d—V = 257z@
dt dt

ﬁ =0.1cm/s
dt

av = 5—”cm3 /s
dt 2

V =7zr’(10) =107r’

N o dr
dt d
ﬂ=0.1crn/s
dt

e 2zrem’/s =14z cm’/s

Let b be the distance from the base of the ladder to the wall and a be the distance from the base of the

wall to the top of the ladder.
a’+b’> =52
db

2a+2b—=0
da

db__a
da b

da_dadb

dt db dt

=—O.19m/s
a
When a=4.8

b=+5.2%-4.82=2m

da 2 1

—=-0.1—m/s=——m/s= —écm/s
dt 4.8 24
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Question 28

h?

V=—(@6-h
3 (6-h)
v _ (47zh - zh? )@m3/min
dt dt
1 = —m’ /min
12z d
an ~ 27mm/min
dt
Question 29
a Let s be the length of the shadow and d the distance from the person to the lamp-post.
s+d _ 6
S 1.8
s+d:5¥
s:gd
7
ds_3dd
dt 7 dt
gs = é(—1 A)m/s
dt 7
=-0.6m/s

The shadow is shortening at a rate of 0.6 m/s.

The tip of the shadow is moving with the combined speed of the person and the shortening

length of the shadow, —0.6 —1.4 = -2, so the tip of the shadow is moving towards the wall at
a rate of 2 m/s.

34
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Question 30

a Let s be the length of the shadow and d the distance from the person to the lamp-post.
s+d _45
S 1.5
s+d=3s
s:ld
2
gs :lﬂ 21(2)m/s=lm/s
dt 2dt 2

The shadow is lengthening at a rate of 1 m/s.

b The tip of the shadow is moving with the combined speed of the person and the lengthening

of the shadow, 1+ 2 =3, so the tip of the shadow is moving away from the wall at a rate
of 3 m/s.

Question 31
r>+(2—h)’ =2
2r£—2(2—h)@=0

dt dt
2r£=2(2—h)ﬁ

dt dt
dr_2-hh
dt r dt
Whenh=1,r=+2>-1> =3

dr 2-1 -1 1
— =2 %(-0.005) =———m/s= ———cm/s
d 3 ( ) 2

003 23

Question 32

If the distance from B to C is a, and the distance from Ato B is c.

¢’ =a’+20’°
2cE :2a%
dt dt
dc _ada

dt cdt

When a =48, ¢ =48 +20* =52m

dc_48 15 180 < 138m/s
dt 52 13

35
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Question 33
Let d be the distance from A to the balloon and a be the height of the balloon.

d?=a’+60°
2dﬁ:2a%
dt dt
d_ada
dt d dt
When a=80m, d =80 +60* =100m
dd 80

—=—-5=4m/s
dt 100

Question 34

tan6=5
8
X=8tan0

%: 8sec? 6@
dt

dt

dx 8 Ay

dt cos’0

cos’ 0 = 8 |-«
V8 +5° 89

X8 8 s~139.8 m/s
a7
89
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Exercise 8D

Question 1

f(x) =x’ —5x

Ify = X’ —5X, then ﬂ:3x2—5 and so ﬂz3X2—5
dx OX

SY ~(3x* =5)ox
In this case X =5 and dx = 0.01, thus 8y = (3(5°)—5)(0.01) = 0.70

When x changes from 5 to 5.01, the change in f (X) is approximately 0.70.

(Comparing this to f(5.01)— f(5)=[ (5.01)° =5(5.01) |-[ (5)° =5(5) ] ~0.70,, which shows the

approximation is reasonable).

Question 2
f (X) =sin3x
. dy oy
Ify =sin3Xx, then — =3cos3X and so — = 3cos3X
dx oX
oYy ~(3cos3x)oX

In this case X =% and 0x =0.01, thus oy = 3cos%x0.01 =0.015

When x changes from % to §+ 0.01, the change in f (X) is approximately 0.015.

(Comparing this to f (%4‘ 0.01) —f (%j =0.0146(to 4d.p.), which shows the approximation is

reasonable).

37
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Question 3

f (x) =2sin’ 5x
dy

Ify = 2sin’ 5X, then i 30sin’ 5xcos 5X and so ? ~30sin” 5X cos 5X

X
Y ~30sin” 5Xcos 5XOX

In this case X =§ and 5x =0.001, thus 5y ~ {30sin2 s(gj cosS(%H0.00I ~0.01125

When X changes from % to %-ﬁ- 0.001, the change in f (X) is approximately 0.01125.

(comparing this to f [§+ 0.001) —f (%j =0.011 265 9 (to 7 d.p.), which shows the approximation is

reasonable).

Question 4

C =5000+20+/x

dc_10
dx  /x
dC 10
a When x = 25, — = —=— = $2 per unit.
dx /25
dC 10
b When x = 100, — =—=—==$1per unit.
dx /100
dC 10
c When x = 400, — = ———==$0.50 per unit.
dx /400

© Cengage Learning Australia Pty Ltd 2019
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Question 5

3

C:15000+750x—15x2+i(—0

2
9C _550-_30x4+ 25
dx 10

2
a When x = 30, ((jj_C =750-30(30) +% =$120 per tonne.
X

2
b When x = 60, ((jj_C =750-30(60) +% =$30 per tonne.
X

2
¢ Whenx=100, ?1_(; —750-30(100) + 242

Question 6
C=450+0.5x>
dC

p— X

dx

When x =10, d—C=10

dx

This means that it will cost approximately $10 to produce the 11 unit.

Question 7

a SA(cube) =6l

If y=6I°, then d—y=12l and so ﬂz12I
dx oX

oy ~12l6x
In this case |=5 and 6x=0.2
Sy ~12x5x0.2=12cm’

b V(cube) = I’

If y=1°, then d—y=3l2 and so ﬂz3|2
dx oX

Sy = 31°5x
In thiscase | =5 and §x=0.2
Sy ~3x25x02=15cm’
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Exercise 8E

Question 1
Using logarithmic differentiation

y=xX(2x+1)’
Iny=In[x'(2x+1)*|=In X’ +In(2x+1)’ =3In X+ 5In(2x +1)

%(ln ) :%[3lnx+51n(2x+l)]

ldy_3 10
ydx x 2x+1
ﬂ:(i+ 10 Jx3(2x+1)5:3x2(2x+1)5+10x3(2x+1)4
dx \x 2x+1
Using the product rule
dy

Y X x5x2x (2x+ 1) + (2x+1)° x3x* = 10X’ 2x +1)* +3x*(2x +1)°
X

Which is the same answer as was found using logarithmic differentiation

Question 2
X3
y= x*+1

3
lnyzln( X lenx3—1n(x2+1)=31nx—1n(x2+1)
X"+

i(ln y) = i(3 In X —In(x* +1))
dx dx

d dy 3 2x
—(iny) L=
dy dx x x +1
ldy _3__2x
ydx x x*+1
dy 3 X 2X X’ x? 2X X’
_— — X :3X — X
dx x xX*+1 xX*+1 x*+1 X +1 xX*+1 x*+1
C3x axt 3¢ +n-2xt xP4+3x
X*+1 (x> +1) (x> +1)° (x> +1)°

Using the quotient rule
3

X
o
dy (x> +Dx3x>—x’x2x  3x*+3x*—2x"  x'+3x’
dx (X2 +1)° e+ (X +1)

Which is the same answer as was found using logarithmic differentiation.
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Question 3

a

To differentiate x*
If y=x"

Iny=Inx*=xInx

d d
—(Iny)=—(x1
o 0 Y) = (XInx)

i(lny)ﬂzx><l+lnx><1
dy dx X
lﬂzlﬂnx

y dx

dy x
—=y(l+Inx)=x"(1+InXx)
dx

So the derivative of x* is X*(1+1nX)
To differentiate x**
If y=x*
Iny=Inx>*=2xInx
d d
—(ny)=—(2xInXx
i (Iny) X ( )
i(ln y)ﬂ: 2Xxl+lnx><2
dy dx X

1dy
y dx

3_y= yx2(1+1In x) = 2x>*(1+1In x)
X

=2+2InX

So the derivative of x** is 2X™(1+InX)
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To differentiate x****
If y — XCOSX

Iny =Inx“*
Iny =cos XIn X

%(ln y) :%(cosxln X)

i(ln y)ﬂ= cosx><l+1n X(—sin X)
dy dx X

lﬂ: cosX —sin XIn X

y dx X

ﬂ: y(cosx —sin XIn Xj

dx X

B XCOSX(COSX—XSinXIHXj
X

cos X
X

(cos X —Xxsin XIn X)
X

So the derivative of x°** is

X“**(cos X — Xsin X In X)
X
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3x+1

d To differentiate
3x—1
3x+1
Ify=
y 3x—1
Iny=In 3x+1
3x-1
d 3x+1
—(ny)=—| In
(Iny) dx{ 3x—1]

d .dy d ! !
T =L n@Gx+1)2 —In(Bx-1)2
dy()’) ix dx(n( )? —In( ) ]

ldy _ i[£1n(3x+1)—%ln(3><—1)j

ydx_dx2
gx_y 3 3 3
dx 203x+1) 2(3x-1)

|

B Bx+1 33
3x—1{23x+1) 2(3x-1)

3x+1 3(3x—1)—3(3x+1)]

3x—11 23x+D)(3x-1)

3X+1( 9x-3-9x-3)
3X

-1\ 2(3x+1)(3x-1)

1

—6(3x+1)?

1

23%x=1)2(3x+1)(3x-1)

3

1 3

(3x+1)2(3x—1)?
3
JBX+DBx-1)

3Xx+1 .

So the derivative of
3x—1

3
* JOX+DGx-1)
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Miscellaneous Exercise 8

Question 1
2X+1

a =
3-2X

dy  (3-20x2-(x+Dx(-2)  6-4x+4x+2 8

dx (3-2x)° (3-2x)*  (3-2x)
b y =sin’(2x+1)

% =3sin’(2X+1)x2cos(2x +1) = 6sin* (2X + 1) cos(2X +1)
X

c Given 3X’y+Yy’ =5x+7

Differentiate with respect to X:

d d d
—3BXY)+—(y) =—(5x+7
o N+ (V)= Bx+7)

d dy d dy
3K x—(Y)—=+ Y x6X+—(y)—==5
Xdy(y)dX yx dy(y )dx
3 x Y 4 yxox3y WY s
dx dx

ﬂ(3x2+3y2)+6xy:5
dx

%(3x2 +3y*)=5-6xy

dy _ (5-6xy)
dx  3(x*+y?)

d X=t"+3t-6, y=t*+1

X=t>+3t—6
ax
i
ﬂ=4t3

dt

dy _dy dt_ ar
dx dt dx 2t+3

2t+3

© Cengage Learning Australia Pty Ltd 2019
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Question 2
X +y* =25
dy d

d , d ,dy d
&(X )+d_y(y )&— X (25)

Given

2x+2yd—y:0
dx
dy  —2x _

dx 2y

At the point (3, 4), dy__3
dx 4

X

y

The equation of the tangent line at (3, 4) is y = —%x +cC.

4=—§><3+C
4

_25
4

C

So the equation of the tangent line at (3, 4) is 4y =-3x+25.

Question 3

a Given y+1=xy = x=

y+1

Differentiate with respect to X:

d—y+0=x><d—y+y><1

dx dx

dy

Z(1-x)=

dx( ) y

dy_ vy

dx 1-x

dy 1—x)—Y

dzy:(l—x)&+y:( )(l_x)+y_ y

dx’ (1-x)’ (1-x)’ (1_y+1j2 [—1)2
y y
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3

y =5
y

b Given Yy’ —5=Xxy = X =
d . d d
Bl —— (5 =—
dx(y ) dx( ) dX(Xy)

dy d
3yP L —0=x— 1
y i de(y)ﬂLy><

dy _dy
3y L =x—>+
y dx dx y
dy

3y —X
dX(y )=y

dy__ vy
dx 3y*—x

d
a2y (3y2—X) —yx(6ydy j
X (3 Yy —X)?

6yxy
3y* —x y
BV 29X Gy 2y y(3y2—x

D

Gy’ -x)’
yBy* =x) -6y’ +y(3y’ -x)
Gy’ -x)
Gy’ —x)’
_2y y3 — 5
-2Xy y

- 3v2 —x)° ; 3
g
y
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Question 4

Using trigonometric ratios to find the relationship between the angle 0 and the height of the rocket.

‘[anezL

200
1 dO 1 dh

cos 0 dt 200 dt
dh 200 1 10

dt cos 9 20 cos’ 0

d*h —20(—sm 0)do _20sin0 1 _ sin®

dt? cos’ 0 dt cos 6 20 "~ cos’ O

a When 0:% b When 0 ="
V= 10 4Om/s V= 10 =40m/s
2 T 3 2
cos” = cos
6 3
! e
__2 _1 8 :ﬂm/sz a= 2 _ﬁ §—4\/_m/s
HBY 2338 9 (1J3 21
B3 2
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Question 5
a Given y = (2x+3)’

%z 3(2x+3)" x2 =6(2x+3)°
X

2
?j Z:12(2x+3)><2:24(2x+3):48x+72
X
3 —
GivenX:M
2
13
x 37 1 2
T 5 Y
dy 2 6
d’x 1 -3
dy> 9

dx(dy) 1 -2 P 1 R 6
T (&j =5V *x[6(2x+3)] =§[(2x+3) ] %6 (2x+3)

3
:é(2x+3)5 x6°(2x +3)° :%(2x+3) =24(2X +3) = 48x + 72

2 3 2
b To prove that d g = —(ﬂj X d Z(
dx dx dy

Given y = f(X), and provided that the necessary derivatives exist.

Differentiate with respect to y .

1= Yy X o (chain rule)

dx dy

Differentiate with respect to y again.

2 2 2 2 2
0= dgx% x%+ﬂxd§=d¥ % +ﬂxd)2(
dx* dy) dy dx dy- dx*\dy dx dy
2 2 2
d y[dxj __dy d*x

o lay) o ap

_dy dix_dy d’x (dyjz _(dyfxdzx _(OWIXOIZX
d’y _ dx dy’ _ dx dy2>< dx)  \dx) dy* \dx) dy’

dXZ % 2 % 2 (dyjz %Xﬂ 2 12
dy dy dx dy  dx

3 2
_ _(ﬂ) (A%
dx ) dy’
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