SADLER UNIT 4 MATHEMATICS
SPECIALIST

WORKED SOLUTIONS

Chapter 9: Integration techniques and
applications

Exercise 9A

Question 1

du
If u=x>-3, then — =2X
dx

Thus

du

j60x(x2 ~3)’dx = j60x(x2 —3y’ L. j60 u+3u’
du

1
2Ju+3

= j30u5du =5u°+c=5(x*-3)°+c

Question 2

du

If u=1-2x,then —=-2.
dx

Thus

[80x(1-2x)*dx = [80x(1-2x)° S—L(du = j801_7“u3 (_%j du
A s o u
=2oj(u —20u )du:ZO(?—TJ+C
=4u° -5u*+c=u*(4u-5)+c
=(1-2X)*(41-2x)=5)+c=(1-2x)*(-8x—-1)+¢C
=—(1-2x)"(8x+1)+cC
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Question 3

If u=3x+1, then d—u=3
dx

I12x(3x+1) dx = Ile(3x+1) —du= .[IZ(U lju%du

4o 6 s 4(u” U’
=—|(UW-u)du=—=| ——-—|+cC
3I( 3(7 6

—u®(6u—7)+c
2 6
:a(3x+1) [6(3x+1)—7]+c

:%(3x+l)é (18x—1)+c

Question 4

du
If u=2x>—1, then — = 4X
dx

[ox@x* —1y dx = [6x(2x* - 1)’ L.
du
= J.6xu5 Ldu :i.fu5du
3 u°

:—><—+C——2X -1)°+c
7% ( )

Question 5

If u=3x>+1, then d—u:6x
dx

[12x3% +1y°dx = [12x(3%° +1)5%du
du
= jl2x><u5 xidu
6X
6

:f2u5du :2L+c
6

:%(3x2 +1)°+c
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Question 6

If u=x-2, then %21.
dx

j3x(x—2)5dx = J.Z»x(x—z)5 j—zdu = I3(u +2)u’du = 3J.(u6 +2u’)du

7 6 7 6
=3 u_+2u_ +c=3 u_+u_ +c:i(3u7+7u6)+c
7 6 7 3 21
ue u’
:7(3u+7)+c:7[3(x—2)+7]+c
=%(x—2)“(3x+l)+c

Question 7

If u=3-x, then d—u:—l
dx

j 20X(3-x)’dx = j 20X(3 - X)’ g—xdu = j 20(3—u)u’(=1)du
u
ut u’
=-20|(3u’ —u*)du = 20| ——— |+cC
I ) [ y Sj

=_2—200(15u4—4u5)+c=—u4(15—4u)+c

=—(3-x)"[15-4(3-x)]+c
=—3-x)'@4x+3)+c=—(4x+3)3-x)" +c

Question 8
du

If u=5-2x,then —=-2.
dx

I4x(5—2x)5dx :.|'4x(5—2x)5 g—xdu = J'4(5%uju5idu
u

u’ 5u°

=—|(5u’ —u®)du = | (U -5u’)du=——-—"—+cC
s L
u® 1 ]

=5 (u=3%)+c=—(5-20°[6(5-2x)~35] ¢
1

=—(5-2X)°(=5-12x)+cC
42( ) ( )

1
=——(5=-2X)°(12x+5)+¢C
42( ) ( )
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Question 9

du
If u=2x+3,then —=2
dx

[20x(2x+3) dx = jzox(2x+3) X du = jzo(u 3y du

5 3u4
—sft=3u)du=5| L% |i¢
I ) (5 ” ]+
5u?
:2—(4u 15)+c_—(2x+3) [4(2x+3)-15]+c

:Z(2x+3)4(8x—3)+c

Question 10

If u=3x+1, then d—u:3.
dx

1
[18x/3x+1 dx = [18x/3x+1 :_L(d” ZIIS[U;IJUZ

3 1 2 32 9o 3
=2I(u2—u2)du=2(—u2—§u2j+c

3 3

4 - 4 =
=—Uu?(3u-5)+c=—@Bx+1)2(9x-2)+cC
15 ( ) 15( ) )
Question 11

If u=3%x*+35, then d—u=6x.
dx

X

j\/3x +5dx j\/3x +5 du du_I\BX —du
—jﬂidu_.[u 2du_T2 c
2

=23x*+5+¢
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Question 12

du
If u=1-2x,then —=-2.
dx

l1-u
3 2 )1 3 il
J.x/l—xzx J\h 2xdu S8 \/a___zduz‘ﬂ(l—“)u du

1 3 L 93 1 L
:_ZI(U 2—u2)du:—z[2u2——u2]+c:—5u2(3—u)+c

3
=—l 3-1+2X \/1—2x+c=—l 2X+2)W1=2x+¢C
2 2
=—(X+1V1-2x+cC

Question 13

If u=sin2x, then 3—u:2cos2x.
X

du

J‘8sin5 2xcos2xdx = I8sin5 2Xc0s2X%du = j8u5 cos2X
du 2c0s2X
6

:4Iu5du:4u—+C:gsin(’2x+C
6 3

Question 14
du )
If u=cos3x, then d_ =-3sin3X.
X

I27cos7 3xsin3xdx = J‘27cos7 3Xsin3xgdu = 27_|.u7 sin3x;du
du —3sin 3X
8

:—9Iu7du — oY ico —2cos8 3X+¢C
8 8

Question 15

du
If u=x*+4, then — =2X.
dx

I6XSin(X2 +4)dx = IGXSin(XZ +4)%du = J.6XSinULdU
du 2X

=3Isinu du =-3cosu+C=-3cos(X’ +4)+cC
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Question 16

If u=2x+1, then d—u=2.
dx

j(4x+3)(2x+1)5dx:j(4x+3)(2x+1)53—3du :j{4(u7_1)+3}u5%du

1 1 1 2u7 u6
=—[Qu+Du’du=—|(u°+u’)du=— Il
ZJ( : 2I( : 2( 7 6}

| 1 6
=—Uu"(12u+7)+c=—2X+1)"(24x+19)+cC
v ( ) 84( ) ( )
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Exercise 9B

Question 1

2
I(x+sin3x)dx=X——COS3X+c =lx2 —lcos3x+c
2 3 2 3

Question 2

Izdx=2x+c

Question 3

J.sin8x dx :—%cos8x+c

Question 4

I(cos X +sin X)(cos X —sin X)dx = J.(cosz X —sin® X)dx = J.cos 2x dx

:%sin2x+c (or %(cosx+sin X)*> +C)

Question 5

3 1 23 o 3
dx:J.(x2 +X2)dx==x2+=x2+cC
5 3

IX2+X

X

Question 6

du
If u=x>, then — =2X.
dx

I4XSin(X2)dX = I4XSin(X2)j—sz = I4XSinU%du

:2Isinu du=—2cosu+C=-2cos(X’)+cC
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Question 7

du
If u=x*-3, then — =2X.
dx

. B . ax . . 1
J‘SXSln(X —3)dX—ISXSln(X —3)Edu_f8x$nuadu

=4Isinu du =—4cosu+c=—4cos(x*—3)+cC

Question 8
du

If u=1+3x,then —=3.
dx

I24\/1+3x dx = I24\/1+3xj—xdu =j24\/6%du
u

3

1 3
:Squdu :8><gu2 +c:&(1+3x)2 +C
3 3

Question 9

If u=1+3x, then d—u:3.
dx

_[ISX\/1+3Xdx:IISX\/1+3xj—Xdu:IIS(UT_IJ\/U%du

u
5, 2 1L 5(2 2 22 10 2
=—|(Uu?-u?)du==| =u*-=u? |[+c=—u?(Bu-5)+c
SJ-un ( j 15U 0u=9)

315 3

3
:§(1+3x)2(9x—2)+c

Question 10

If u=sin2x, then 3—u:2c052x.
X

J‘sin4 2X cos2xdx = J‘sin4 2X cos2xj—xdu

u
=Ju4 cos 2X du :lju“du
2cos2X 2
5
=lu—+C=isin5 2X+C
25 10
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Question 11

du
If u=2x+7,then —=2.
dx

j6m2x+7fdx=j6ﬂ2x+7fg§du=j6(551)u55du

7 6
:§'|'(u“—7u5)du:g U_ e
2 20 7 6
3 6 1 6
=—u’(6u—49)+c=—2xX+7)°[6(2x+7)—49|+c¢C
v ( ) 28( )°[6( )—49]

1
=—2x+7ND*U2x=T7)+cC
28( ) ( )

Question 12

If u=2x+7, then d—u:2.
dx

J6(2x+7)5dx = j6(2x+7)53—xdu = I6u5%du
u

6

:3Iu5du :3L+c:l(2x+7)6+c
6 2

Question 13

J'(3x2 —2)dx =x’-2x+¢C

Question 14
If u=3x>-2, then d—u=6X.
dx

dx 1
4x(3x* =2)dx = | 4x(3x* =2) —=du = |4xu’ —du
[4x( ) dx = [ 4x( V< | —

8
=.[zu7du =%u—+c=i(3x2 -2)%+c
3 38 12
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Question 15

J.(cosx+sin2x)dx =sin X—%0032X+C

Question 16

du
If u=3x-2,then —=3.
dx

u+2) 71

j6x(3x 2)" dx = j6x(3x 2) d _j6 3olu

2(u’ 2u®
=2l +2u)du==| —+=— |+c=
3I( ) 3[9 j

2 (8u’ +18u®)+c
8 72

=—Uudu+9)+c=—@0Bx-2)"(12x+1)+cC
) ( ) 54( ) ( )

Question 17

JXdX=lX2+C
2

Question 18

Ifu=1+2x,thend—u=2.
dx
6 6 dx 6 1
——dx=|———du=|—x=du
J-\/1+2x I\/1+2xdu ju; 2
L

s 2
:3Iu 2du:3uT+c:6\/1+2x+c

2
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Question 19

du
If u=1+2x, then d—=2.

X
[TV NS P s K VY
\/1+2x \/1+2x du U2 2
3 1
1 1 3| u2 2
= 2 2 | __
= J'(u u 2)du 2131 +C
2 2

z @u 2j+c_3\/1+2x( (1+2x)— 2) c
=VI+2X(1+2X=3)+Cc=2(X—1)V/1+2x +C

Question 20

du
If u=Xx*+X+1, then d—:2x+1.
X

j(x +X+1D)*2x+1)dx = _f(x +X+1)° (2x+1)—du

=ut(2x+1 du
I ( )2x+1

u‘)

=—+c=l(x2+x+1)9+c
9 9

Question 21

du
If u=x*+3, then — = 2X.
dx

I24XSin(X2 +3)dx = .'.24XSin(X2 +3)%du = IZ4XSinuLdu
du 2X

=12Isinu du=-12cosu+c

=—12cos(Xx*+3)+cC
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Question 22

If u=x-5, then d—uzl.
dx

j(2x+1)%/x—5 dx = j(2x+1)i/x—sg—zdu = j[z(u +5)+1]u% du

1 4 1
= [u+1nuidu = [(2u® +11u’)du

4

w2

3 7 4
:2u—+11u—+c:éu3+£u3+c
A R R
3 3

4
=3u3[gu+£j+c=3(x—5){ (x— 5)+11} +C
7 4 4

4

3 3[8(x -
_%(X—S) [8(x—=5)+77]+c

4

3 i
=—(X-5)}(8&x+37)+cC
28( ) ( )

Question 23

du 1

dx 2J_
I(\/_+5) ix _I(&;S) dx ju 2J_

Ifu—\/7+5 then —

=2 usdu:2—+c:— X +5)° +¢
| —+e=2(x+5)

Question 24
Ifu=2x—1,thend—u:2.
dx
1
402x-=1)dx = [ 4(2x -1 —du_ 4u° =du
[4@x-1ydx = [42x-1y Jau

6 J—
:2—+C:M+C
6 3
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Question 25

If u=2x-1, then d—u=2.
dx

u+1 us

[4x@x—1)*dx= [ 4x(2x-1)’ du_j4 du

7 6

=J'(u6 +u’)du =u—+u—+c =Lu"(6u+7)+c
7 6 42

1
=—(2x=D*U2x+1+c
42( ) ( )

Question 26

If u=cos6x, then (;—u =—6sIn6X..
X

jc0s3 6X sin 6x dx =J‘c0s3 6X sin6xgdu = |u’ sin6X———
du —6sin 6X
4 4
:—l.|'u3du:—lxu—+c:—coS ¢
6 4 24
Question 27
du
If u=x*-3, then — =2X.
dx
6x 1
d = ——du
j J.w/ du I 22X
u
1
_l uZ
=3ju 2du=3T+c=6 x*=3+cC
2
Question 28
. du
If u=sin2x, then — =2cos 2X.
dx
. ) dx
IstX cos2xdx = js1n2x cos2X—du = ju cos 2X du
du 2.cos2X
1 1 u? sin® 2x cos4x
=—Iudu=——+c= +C or —
2 22
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Question 29

du
If u=2x+5,then —=2.
dx

dx usrl) L1
8x*(2x—=1)°dx = | 8x*(2x—-1)’—=du=|8| —— | u’—du
[8x* (2x—1)*dx = [8x*( Y 4 j( : ] :

2
:IS(U_HJ US%du =_|‘(u2 +2u+1u’du =_|‘(u7 +2u°+u’)du

2
8 7 6
_U 2u +2 e :Lué(zw2 +48u+28)+C
8 7 6 168

1
=—(2Xx=D°(84x* +12x+1)+cC
168( ) ( )
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Exercise 9C

Question 1

du
If u=2x+1,then —=2.
dx

1 3 _ x=1 3 dX _ u=3 31
j016(2x+1) dx_j.xzol6(2x+1) G ‘L:I 16u’—du

4 3
=8fu3du=8 Ul g[8 1) 160
| 4| 4 4

Question 2

If u=2x+1, then d—u=2.
dx

1 340 [ , dx _pus
I016x(2x+1) dx_IX:016x(2x+l) G ‘L:] 16(— u

4

=4 243 81 (1.1 =113.6
5 4 (5 4

—4]3(u4 ~u¥)du=4 Ca 3
1 5 X

Question 3

If u=x+35, then g—uzl.

X
16X 4 x-1 6X 4 dx u=66(U-5) ,
—(X+5)"dx=| —(x+5)"—du=
J 25 X+ Joa 25X g Jos 25
6 6[u _ul
:—J' (U’ -5utH)du=—| —-5—
25 2506 "5,

© Cengage Learning Australia Pty Ltd 2019

15



Question 4

du
If u=sinx, then — =cosX.
dx

z .5 x=2 .5 dX u=1 5
Iozl2s1n XcostX=I 02 12sin Xcosxd—du= 12U’ cos X
X=

u u=0 cos X

6 1
=12 wdu=12| — =12(l—oj=2
6 ~\6

Question 5

Ifu=5x+6,thend—u=5.
dx

x=6  3X  dX u=36 5

- — du=
'[ \/x+ =2 \/5x+6 du wis - Ju

N 3
d Oy, 3 (U —6u 2)du=i 2ui -
25|13

25 u=16 \/_ 25 Ju=16

_3 144-72— (%—48j =9.28
25 3

Question 6

d
If u=x-1, then —uzl.
dx

Is x+3 x=5 X+3 %du_J'u:4u+1+3du
e crlde e

s L1 b 3 17
:J'uzl (U2 +4u 2)du:{§u2+8u2}
1

_16 16 (2 8):123
3 3 3
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Question 7

du
If u=2x+1, then —=2.
dx

=4 4 dx —Ju=941du

4 4
——X=| ————du=| —=—
IO V2x+1 =0 \J2x+1 du u-l u% 2
o 1 17
=2j1 u 2du=2{2u2} =2(6-2)
1
= § square units

Question 8

The curve intersects the x-axis at 0 and 3.

If u=x-3, then d—uzl
dx

3 N B X=3 3dX _ u=0 3
jo 6X(X—3) dx—JX:O 6x(x=3)’ - du _ju}36(u +3)u’du
0 u 3ut
= 6] (u'+3u")du=6| —+—
= 5 4|,
:6(0+0_%_£j

This is a negative value because the curve lies below the x-axis for 0 < x <3 . However, area cannot be
negative so the required area is 72.9 square units.

17
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Exercise 9D

Question 1
1 1 1

IcosSX cos4xdx='[—[cos9x+cosx]dX=.[ —cos9X +—cos X |dx
2 2 2

| 1 .
=—sIn9X+—sinX+cC

Question 2

Isin7x sin xdx = j%[cos6x—cos8x] dx =%sin6x—%sin8x+c

Question 3

) . . . 1.
As cos X is the derivative of sin X, J.sm4 X cosXdx = gsm5 X+C.

Question 4

) o . . 1 . 3.
As cos X is the derivative of sin X, J.6sm3 X costX=6><Zsm4 X+C=Esm4 X+cC

Question 5
Isin3 xdx = Isin X sin” xdx = J.sin X(1—cos” X) dx

. . 2 1 3
=I(s1nx—s1n X cos X)dX=—cosx+§cos X+C

Question 6
J‘cos3 xdx = Icos X(1—sin® X)dx = I(cos X —cos X sin’ X) dx

. 1 .
:slnx—gsm3 X+C

© Cengage Learning Australia Pty Ltd 2019
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Question 7

_[coss Xdx = J.cos X(1—sin” X)*dx = Icos X(1—2sin® X +sin® x)dx

= _[(cos X —2cos Xsin® X+ cos xsin* x)dx

. 2 .51 .5
=smx—§sm X+§s1n X+C

Question 8

IcosZ xdx = J‘(%jdx =%J.(1+COSZX)dX

1 1 . 1 1 .
=—| X+—sin2X |[+C=—X+—sin2X+C
2 2 2 4

Question 9

Jsinz xdx = J.l(l—cos2x)dx _L X—lsin2x +C
2 2 2

1 1.
=—X——sin2X+cC
2 4

Question 10

IS sin* xdx = I2(4 sin® x)dx
= .[2(—2 sin® x)>dx (from trig identities cos 2Xx —1 = —2sin” X)
= jz(coszx—l)zdx = jz(c052 2X—2cos 2X +1)dx
= j(zcos2 2X—1+1—4cos2X+2)dx= j(cos4x—4cos2x+3)dx

=isin4x—2sin2x+3x+c

Question 11

I(cosz X +sin’ x)dx:fldx=x+c

Question 12

J‘(cos2 X —sin® X)dx = IcostdX :%sin2x+c
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Question 13
I(sin3 X+ cos” X)dx = j(sin Xsin® X + cos® X) dx

= j{sin X(1—cos® X) +%(cos 2X+ 1)} dx
) . 5 1 1
=I sin X —sin X cos X+Ecos2x+5 dx

1 3 1 . 1
=—COSX+—C0S” X+—SsIin2X+—X+C
3 4 2

Question 14

CcOS 2X

JZsinX costX=Jsin2XdX=— +C (or sin’X+C or —cos” X+C)

Question 15
: .3 2 : : 2 2 : 2 2
Jsm X cos XdX=Is1nXs1n X cos xdx=Jsmx(l—cos X)cos” X dx

. ) 1 1
= I(sm X cos” X —sin Xcos* X) dx= —gcos3 x+§cos5 X+C

Question 16
3 02 2 c 02 .2 2
Icos Xsin XdX=IcosXcos Xsin XdX=jcosX(1—sm X)sin~ X dx

. . 1 . 1.
= I(cos Xsin® X —cos Xsin* x)dx :§SIH3 X—gsm5 X+C

Question 17

-2 2
Itan23xdx:j Sm23X dx:I w dx
cos” 3x cos” 3X

:j(secz 3x—1)dx :%tan3x—x+c

20
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Question 18

I(1+tan x)dx = (1+Sml Xj

cos” X
1 cos’ X

— J‘ dx
cos’® X

=I(1+sec X—l)dx

=tan X+C
Question 19
I( sin X sin X J sin’ X
. x . =
l-sinX 1+sinX —sin’® X
J-l cos? X
cos’ X

:I(sec x —1)dx
=tan X—X+C

Question 20

1
J.secz Xtan* XdX:gtam5 X+C

Question 21

Izn(x+cos2 X —sin® X)dx = szzn(x+cos 2x)%du
0 x=0 du
= Ixjozn(x+cos2x)dx

21
= lx2+lsin2x
27 T2 .

=l><4rc2 +lsin4n—0—lsin0
2 2 2

=21’ square units

The area under the curve from x =0 to X =2x is 27square units.

© Cengage Learning Australia Pty Ltd 2019
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Question 22
a  v=4sin’ti+tan’tj (ogs%)

r=J4sin2tdti+J.tan2tdtj

cos’t

_ 2
= [(-2c0s2t+2)dti+[ (lc—oftt] dtj
COS

1 in”
:I4{—E(cos2t—l)}dti+_[(Sm t]dtj

= (—sinzt+2t)i+c+j(sec2t—1)dtj
=(—sin2t+2t)i+ (tant —t)j+c

Whent=0, r=3i+j, hence

r =(—sin2t+2t)i+ (tant —t)j+3i+j
=(—sin2t+2t+3)i+(tant -t +1)j
=3 +2t—sin2t)i+(1-t+tant)j

o Al el

=13+ 1i+|1-Z+1j
2 4
=[2+Z i+ 2—£jj
2 4

© Cengage Learning Australia Pty Ltd 2019
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Exercise 9E

Question 1

IZdX:7ln|X|+C
X

Question 2

.|.(3x2 —%)dx =X’ —4In|x|+c

Question 3

I 28 X dx=4 I 22 X g dx (and now the numerator is the derivative of the denominator)
X~ +

X +6
=4In(x*+6)+C

Question 4

If u=2x, then d—u=2.
dx

J‘tanZXdX:jtanu%du

sinu 1 smu
fm -]
cosu 2 cosu
dw )
If w=cosu, then — =-sinu.
du
_J-smu _1 J-smu du =1J~smu 1 dw
cosu w dW —sinu
:——ln|w|+c
2

Substitute W=cosU and u =2x back into the equation to get:

Itan 2xdx = —%ln|cos 2X| +C

© Cengage Learning Australia Pty Ltd 2019
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Question 5

J.XLZd —j(l+gjdx= Xx+2In|x|+c
X

Question 6

If u=x+2, then d—uzl.
dx

d 2
et e A (S

=u-2Injul+c=x+2-2In|x+2|+c
=X-2In|x+2|+c

(as 2 is a constant, it can be part of C)

Question 7

sz_3 dx = I(Z—ijdx =2x-3In|x|+¢
X X

Question 8

If u=2x-3, then %:2.
dx

3
sz 3 _sz 3du _I(UJF)

ZZI(HE)dU =Z(u +3Infu)+c

=5+§1n|2x—3|+c
2 4

Question 9

X* +4x+1 (x(x+3) X+3 2 ]
j—dx: + - dx
X+3 X+3  X+3 Xx+3

=X?+x—2ln|x+3|+c
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Question 10

SX+3 _§+ B A(X+1)+Bx
X(x+1) x x+1 X(X+1)
A+B=5and A=3,s0B=2.

I5X+3 _J.( +—jdx 3In|X|+21n|x+1|+c
X(x+1) X X+1

Let

Question 11

ot a4x-7 A N B A(X-3)+B(x+2)
(X+2)(x-3) x+2 x-3 (X+2)(x-3)
A+B=4and -3A+2B =-7, solving gives A=3 and B =-1.

4x=17
'[(X+2)(X 3) —_‘-(m‘FX—JdX:31H|X+2|+11’1|X—3|+C

Question 12

5x7-2x+18 A . B  AX*+6)+(Bx+C)(x-1)
(X=D(X*+6) x-1 x*+6 (X—=1)(X*> +6)
A+B=5C-B=-2and 6A-C =18

Solving gives A=3,B =2 and C =0.

2
dexzj(i+ 2 )dx=3ln|x—l|+ln(x2 +6)+c

(X=1)(x* +6) x-1 Xx*+6

Question 13
x> +8x—-4 A N Bx+C  A(X’+x-1)+(Bx+C)(x+1)
(X+D(X*+x=1) x+1 (X*+x-1) (X+D(X> +x-1)

A+B=7,A+B+C=8and —A+C=-4
A=5B=2andC=1

7x> +8x—4 5 2x+1
I > dx:J' +— dx
(X+D)(X"+x-1) X+1 X +x-1

:51n|x+1|+1n‘x2+x—1‘+c
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Question 14

5*-10x-3 A B C
2= + + 2
x+D(x-1)" x+1 x-1 (x-1)
A =2x+ D)+ B(X =)+ C(x+1)
(x=1)’
A+B=5 -2A+C=-10andA-B+C=-3
A=3 B=2andC=-4

jsxz—lox—zdxzj( 3 .2 4 de
(X+1)(x-1) X+1 x-1 (x-1)

=3ln|X+1|+21n|X—1|+i+C
x—1

Question 15

8X* —44x+25 A B C
= + +
@x+1)(x-3)> 2x+1 x-3 (x-3)
AKX —6X+9)+ B(2X> —5X—3)+ C(2x+1)

(x=3)°
A+2B=8 —-6A-5B+2C =-44 and 9A-3B+C =25
A=4,B=2and C =-5.

8X* — 44X +25 4 2 5
[ R 1
(2x+1)(x-3) 2x+1 x-=3 (x=3)

:21n|2x+1|+21n|x—3|+i+c
X—3
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Question 16
The two graphs intersect when:

X 11x

X—2 x+2
X(X>+2) =11x(x-2)
X’ +2x =11x* —22x
X —11x> +24x=0
X(X=3)(x—=8)=0
x=0,3,8

The region enclosed by the curves occurs between X =3and X =8.

8
(2 ] v 2
3\Ux2+2 IAXT+2 2 s 2 2

If u=x-2,then %zl.
dx

[ H(Lj%du: M(deu
3x-2 x=3{ x—2/du u=l\ U
6 2

= (1+ﬂdu =[u+2Inju] =6+2In[6|~1-2In]

=5+2In|6|-2x0=>5+21In|6|
Area enclosed by the curves is:
11 11 11
?ln|66|—31n|11|—(5+21n|6|—21n|1|):E(ln|66|—ln|11|)—5—21n|6|

~inj6|-5-21n]g]
2

= (—5 + % In 6) square units

27
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Exercise 9F

Question 1
Iznyzdx = J.Zn(xz)z dx = Izn(xz)zdx
0 0 0

5 2
= nj.z xdx=r| | = 32—nunits3
0 R

Question 2
1 1 1
IO ny*dx = ‘[0 n(3x*)*dx = 9nj0 x*dx

5 1
=9n LS 9—71'-units3
5 5

0

Question 3

Iol my*dx = Iol n(+/x)2dx = nf x dx

2 4
=7 x =11;[8—l}=15—nunits3
2 | 2 2

Question 4

3 3 3
[ my?dx= [ m2x+1dx = [ m(2x+1)*dx

3 2
:7t'|'3(4x2 +4x+1)dx=n 4i+4i+x
2 3 2

3

2

=n[36+18+3—%—8—2}= 1039”units3
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Question 5
a

b 2 2
rnyde: 3n(lj dx = Sn[lj dx
2 2 X 2 X

Question 6
2 2dy — [ 2 2 0 [ 2
Lny dx_Ln(x +1) dx—nL(x +2X +1)dx
5 3 2 1
=T X_+2i+x :n(g_{_é_kz__l__z_(_l)
503 5 3 5 3

8 .,
=——units
5

Question 7

Using integration to determine the volume of the cone:

I; ny’dx = Lfﬂ:(O.SX)2 dx = %Jj x>dx

3 6
_mMX E[72] =187 units’
43| 3

0

Using the formula for the volume of a right cone:

V- nr’h

(the line intersect at (6, 3) so radius = 3, h =06)

_ nx3*x6
3
=187 units’

Both methods give the same answer.
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Question 8

Inyzdx I ( sin X )dX nj.( sin X )2 dx
= njo (sin X) dx = n[—cos X

=n[-cos—(—cos0)]=n(1+1)
= 2munits’

Question 9

I ny’dx = I s1nx) dx = nI sin® x dx

—nj —(1 cos2x)dx—£{ _sm2x}
2 2,

2

2(n 0—-(0— 0))=7un1ts

Question 10

First find the points where Yy =X and y = x” intersect.

X* =X
XX =x=0
X(X=1)=0

x=0,1

Now find the volume of the solid formed when the area enclosed by Yy =X, the x-axis and the line x =1
is rotated through one revolution about the x-axis

ny dx = dX n dex n X ]:E units’
3 3

0
And then find the volume of the solid formed when the area enclosed by y = x*, the x-axis and the line
X = 11s rotated through one revolution of the x-axis

1
Iny dx = I dX nJ. x*dx = 7{)(55} =§units3
0

The volume of the solid formed by rotating the area enclosed between y = x> and y = X through one

. L. MmO 2T .,
revolution about the X-axis i ———=—units

30
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Question 11

First find the points where y =0.125x* and y = JX intersect.

0.125%* =~/x
éx“ =X
x* = 64x
X' —64x=0
X(x*—64)=0
Xx=0orx’=64 = x=04
Now find the volume of the solid formed when the area enclosed by y = Jx , the x-axisand the line

X =4 is rotated through one revolution about the x-axis.
4

J‘: my’dx = J.:Tc(\/;)z dx = th: xdx = n[%z} =87 units’
0

And then find the volume of the solid formed when the area enclosed by y =0.125x’, the x-axis and
the line x =4 is rotated through one revolution of the Xx-axis.

5 4
j4ny2dx=j4n(0.125x2)2 dx:irx“dx:i X :16—7Tunits3
0 0 644 64 5], 5

The volume of the solid formed by rotating the area enclosed between y =0.125x> and y = Jx

. : lon 24m .
through one revolution about the x-axis is 8n —TTE=TT[un1ts3 .

Question 12

F" ny’ dx = F" n(3cosX)’ dx = 9“,[51: cos’ xdx = 9n_|.2n%(cos 2x+1)dx
2 2 2 2

=9—’1"j2ﬂ(cos2x+1)dx=9—“{5“12’(”}2 LY 0+(—Ej
2 3r 2] 2 s 2] 2 2
2

2
L .3
=——units
2

I?EnyZ dx = 1IJ?EC052 xdx = nj%t%(cos 2x+1)dx =§I§(COS 2x+1)dx
2 2 ) 2

7| sin2X 2o T T .,
== +X| =—<0+——|0+| —— =—units
2 2 2 2 2 2
2

The volume of the solid formed by rotating the area enclosed between Yy =3cosX and Yy =cos X, from
T s . .. 9t :
X= -3 to X = 5 through one revolution about the x-axis is %—7 =47’ units’ .

31
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Question 13

jrrn-y2 dx=J:rrm/r2—xzzdx=J:rrm/r2—x22dx

‘ 1,7 1
znj_r(rz—xz)dx=n[r2x—§x31r=n{r —3"

= gr3 —(—gﬁj = i7tr3 units’
3 3 3
Question 14

" n(r Y [ x|
Inyde:nI —X dx=_2 )(2(;1)(=_2 2
0 o\lh h= Jo h* | 3],

Question 15

nr? h?

= —X —

h2

Ioz X’ dy = nj.oz(\/y)z dy = n.[oz ydy = n{y?z}z = 2munits’

0

Question 16

Question 17

Lfnxz dy = nJ.:(\/ )/4—3)2 dy = nJ.(Iz(y+3) dy

2 12
_ n{y?+3y} = (72+36) =108mem’

0
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Question 18

I: my’ dx = nﬁ(&)z dx = nJ.: xdx = n[% X T = 8nunits’

0

f my’ dx = nf(\/ﬁ)z dx = nf(x—l) dx = nB - XT = %Tcunits3

1

The volume of the solid formed is 8= —% T= %n’units3 .

Question 19

Possibility 1:

2
L Ly L T (1—cos?
IznyzdxanZ(SIHXJ dx=£J‘zsm2XdX=£IZ(ﬂJdX
0 ol 2 4 Jo 4 Jo 7

-2 [H(1-cos2)ax = x-S (2]
870 8 2 8\ 2

0

2
T 3

=—m
16

Possibility 2:

Question 20
. 2 . . 5
Given that y = kx> and one point on the curve is (4, 20), K = 1

2

20
0 o o 2[4y _4m 20 _Am|y _ .3
'[0 X dy = TCIO (?J dy = ? 0 y dy = ?|:7i| =160munits

0
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Question 21

Volume of “shell” formed when rectangle is rotated about Yy-axisis large cylinder minus smaller

cylinder.
2 2 2 2
n(x+§j y—n(x—§j y=my| x>+ x8x+(8L)— - x6x+(6l
2 2 4 4
= Tty (2X0X)
= 27Xy X

So a formula involving a definite integral for the volume of the solid formed by rotating the shaded

area shown in the diagram one revolution about the y-axis is 27:J.b Xy dx .
a 2 _ 2 2
2njl Xy dx = ZnL (xx X )dx

42
= 27'5.[: xdx =27 [X?}

1

=2mn 6 1 =15—Tcunits3
4 4 2

b 2nfl4xydx:2nfl4x(l+\/§)dx

574

3 2 2
=2nf14(x+x2]dx:2n X?+2:

64 (1 2} 1997
=2n| 8+——| —+=||=
( 5 (2 5 5

1

units’
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Question 22

Volume of “shell” formed when rectangle is rotated about x-axisis large cylinder minus smaller
cylinder.

2 2 2 2
L S

= X(2ydy)
= 2mXydy

So a formula involving a definite integral for the volume of the solid formed by rotating the shaded

. . . .. b
area shown in the diagram one revolution about the y-axis is 2n.|. xy dy .
a

a 2 2( 1
27:[1 Xy dy = 27:]'1 (;x yj dy
=2 " 1dy = 2n[x]]
= 2munits’
b

2 2 2 y?
271".1 Xy dy = 2“.[1 (%x yj dy = ZnL (y?j dy

3 2
= 27{%} = 275(%) = 7?ﬁuni‘cs3
1
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Extension: Integration by parts

Question 1

dv .
Let u=x and —=sinX
dx

u
then —=1 and V=-cosX
dx

szinXdX:—XcosX—J.(—cos x)dx
=—XcosX—(—sinX)+C
=sin X —Xcos X+C

Question 2

dv
Let u=X and — =cosX
dx

then d—uzl and V=sinX
dx

IXcostX: XsinX—J.sinXdX

= Xsin X —(—cos X)+C

= Xsin X+cosX+C
Question 3
dv .
Let u=3X and — =sin2X
dx

then d—u=3 and v——COS2X

dx B

I3Xsin2XdX :—EXcos2X—J‘[_COS2Xj3dX
2 2

=—§Xcos2x+§sin2x+c
2 4
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Question 4

Let u=Xx and ﬂ=e2x
dx
2X
then d—u=1 and V=e—
dx 2
2X
Ixe“dx:lxe“—j(e de
2 2
1 o eZX
=—Xxe*——+c¢
2
Question 5
Let u=Inx and ﬂ:X2
dx
3
then d—u=l and V=X—
dx X

2 ) X3 1
jx In xdx = x lnx—j —x— |dx
3 X

2 X
=X lnx—j — |dx
3

3
—xInx- ¢
9
Question 6

Let u=x and ﬂ:(X+2)5
dx

then u =1 and v:l(x+2)6
dx 6

s o X(X+2)° r(x+2)°
jx(x+2) dx = S I < dx

6 7
_ X(X+2)" (X+2) ‘e
6 42
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Question 7

Let u=x and %:\/2X+1
X
3
then u =1 and Vv :l(2x+l)2
dx 3

5

3 3 3 3
J'x\/2x+1 dx :%x(2x+1)2 —J%(2x+1)2dx :%x(2x+l)2 —%(2x+1)2 +C

Question 8
Let u=x> and % =e*
dx
then d—u =2X and v=¢e*
dx

Ixzex dx = x’e* — J‘erxdx (see below for the IZXEXdX)

=x%e* —2xe* +2e* +¢

Let u=2x and ﬂ:ex
dx
then d_u =2 and v=¢"
dx

J'erxdx =2xe* —j2eX dx =2xe*-2e* +c

Question 9
Let u=x> and v =sin X
dx
then d_u =2X and V=-cosX
dx

sz sin xdx = —x’ cos X—J2X(—cos x) dx
=—X"cos X+ IZX(cos x)dx (see below for I2X cos X dx)

= —X%Cos X+ 2Xsin X+2cos X+C

Let u=2x and ﬂ =Cos X
dx
then d_u =2 and V=sinX
dx

fZXcostX:2XsinX—j2sinXdX:2XsinX+ZCosX+C
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Question 10

Write j2x3e*2 dx as sz x2xxe* dx. Let u=x ‘;_“ =2x,dx = g_“
X X

2 du
sz x2xxe* dx becomes ju x2Xxe'— :jue“du :
2X
Integration by parts: I vw'du = vw — J.V'Wdu

Let v=u and — =¢"

then ﬁ
u

=1 and w=e
jue“du = ue" —J'e“du =ue" —e" +c.

2 2 2 2
Hence _[2x3ex dx = x’¢* —e* +c=¢* (x2—1)+c

Question 11
Let u=Inx and ﬂz1
dx
then d_u = l and V=X
dx x

jlnxdx: xlnx—IXxidx

=XInXx—-Xx+c
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Question 12

dv .
Let u=e* and — =sin X
dx
du
then — =¢* and V=-cosX
dx

Iexsin xdx=—excosx—j—cosx><exdx
=—e*cos X+ Jcos xxe*dx (see below for J.cos X x e*dx)
Iex sin Xdx = —e* cos X +€* sinX—JAeX sin x dx

2'|'exsinxdx:—eX cos X +e%sin X

. . —e” cos X +e*sin X
J.e sin X dx = +C
2

dv

Let u=e" and — =cos X
dx

du )
then d_ =g and V=sinX
X

Icos xxe*dx =e*sin X —jex sin Xdx

Question 13
. dv
Let u=e and — =cos2X
dx
then d_u =g and v= sin 2X
dx

Iex cos2xdx=e

x S 2X —jex SIDX i (see below for Iex %dx)

J.eX cos2xdx =e* sin2x —e* c0s 2X Jrl_[eX costde
4 4
éjexcos2xdx=eX s1n2x+e COSZX+C
4 2 4
. 2e*sin2X  e*cos2X
Ie cos2xdx = + s +C
Let u =e— and gzsin2x
2 dx
then d—u:e— and V:—Coszx
dx 2
je—sinzxdx=_e COSZX—J‘—COS2xe—dx=—ex COszx+lj‘excoszxdx
2 2 2 4

40
© Cengage Learning Australia Pty Ltd 2019



Miscellaneous Exercise 9

Question 1
y=(2x+1)’

%: 3(2x+1)> x 2= 6(2x +1)

Question 2
y =4cos3x+3sin4x

ﬂ=—125in3x+12cos4x
dx
Question 3
3 sin® x
X

dy 4x sin® X cos X —sin® x B sin® X(4X cos X —sin X)
X x? - X
Question 4

_1+2sinXx

" 1+cosX
dy (I1+cosX)2cosX+(1+2sinX)sin X
dx (1+cosx)’

_ 2cosX+2cos’ X+sinX+2sin’ X

- (1+cosx)’

_ 2008 X +sin X+ 2(sin” X+ cos” X)

- (1+cos X)?

_2cosX+sinX+2

~ (I+cosx)?
Question 5

_ sin2X

" 14sin2x
dy (I+sin2x)2cos2X—sin2X(2cos2X)  2cos2X
X (1+sin 2x)’ ~ (1+sin2x)
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Question 6

d 3 d )
—(5 2 =—|(3x" -7
L (+2y) OIX( X =17)
5xﬂ+5y+6y2ﬂ:6x
dx dx

ﬂ(5x+6y2) =6X-5Y
dx

dy _ 6x-5y
dx 5x+6Yy’
Question 7
Xx=3t"-5t = %=6t—5
dt

y=3-4’ = Yo
dt

dy _dy dt_-ior
dx dt dx 6t-5

Question 8
Xcos Y = ysin X

dy dy

—Xsin Yy x——+cos Y = Yy cos X +sin X—
dx dx

%(sinx+Xsin y)=cosy—ycosXx
X

dy _cosy—ycosX
dx sinXx+Xxsiny
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Question 9

. a b 7x-5
Given + =—
Xx-1 x+1 x -1
a(x+1)+b(x-1) 7x-5
(x=D(x+)  x*-1
ax+a+bx-b 7x-5
-1 x*-1
From this, equating the co-efficients of the numeratorr gives:
a+b=7
a-b=-5
2a=2soa=1
a+b=7sob=6

Then _[7)(_5dx:J'(L+L]dx:1n|x—1|+61n|x+1|+c

x> —1 X—1 x+1

Question 10

4sin 8X

1.
a _[4cos8xdx: +c:§sm8x+c

d_u
dx

dx 1
2X(3+x*)’dx = | 2xu’ =—=du = | 2xu’ —du
JoxG ey = [2xu* Frdu = [axu’ -

b Letu=3+Xx*, — =2xX

6
=Iu5du=u€+c=%(3+x2)"+c

c Letu:x+3,d—u=1
dx

[@=30x+3dx=[(2-3(u —3))%/63—;‘du = j(11—3u)u;du

14 4 7 4
:I(11u3 —3u?)du :ﬁm —ﬁm +c:L
4 7 28
1 4 4

il 1 x
=—u3(231-36U)+Cc=—(X+3)3(231-36(X+3))+C
>3 ( ) 28( ) ( (X+3))

4 4

1 = 3 =
=—(X+3)3(123-36X)+Cc=—(X+3)}(41-12x)+cC
28( ) ( ) 28( ) ( )
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du
d Let u =sin2x, d—=200s2X
X

J‘sin5 2Xcos2xdx = Ius costj—Xdu

u
s 1 lr s
:Iu cos 2X du:—Ju du
2c0s2X 2
6
:lxu—+c=Lsin62x+c
2 6
Xx du 1
e Letu=—, —=—
2 dx 2

Isinz Xx = J‘sin2 u%du = 2Jsin2 udu
2 du

= 2](%) du= '[(l—cos2u)du

sin2(xj
_x__ \2)

1 I .
+C=—X——sinX+C
2 2

2 2

X 1 X
f Let U=sin—, —=—cosS—

2 dx 2 2

J.cos3§dX:J.cos25 cos> dX:f 1—sin® > |cos2 dx
2 2 2 2 2

(et eos X qu = [1—u?)eos X2
_I(l u )coszdudU—j(l u )coszcosxdu

3

:2_[(1—u2)du :2(u—u?j+c:§(3u—u3)+c

zz(3sin§—sin3 1)+C:25in§—gsin3§+c
3 2 2 2
du )
g Let U=cos2X, d—=—251n2x
X

IsinS 2xdx :J.sin2 2X sin 2Xx dx =_|‘(1—cos2 2X) sin2x dx

dx 1
=|(1-u?)sin2x—du = [ (1-u?*)sin 2x———du
s v sl

3

1 1 u 1
=——|(1-u)du=——=| u—— [+c=—(u’-3u)+c
2J-( ) 2( 3) 6( )

1 ; 1 1
=—(cos 2X—3cosZX)+C=—cos 2X——Co0S2X+C
6 6 2

44
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h I6sin2xeos Xdx = I6(2sian0s X)cos X dx = 12J-sin X cos” X dx

du .
Let U=cosX, — =—sIn X
dx

—12u°

IZJ.smxu j—du—l2jsmxu ! :—12I udu = +C

—sin X
=—4cos’ X+C
i I6cos2XsinXdX=I6(2coszX—l)sinxdx

du )
Let U=cos X, — =—sin X
dx

du

I6(2c0s X—1)sin xdx = 6_[(2u —l)smxd—du 6_[(2u —1)sin X
du —sin X

2u?
=—6|(u* -1)du=-6| ——u |+cC
[u*-1) ( 3 j

=—4¢0s’ X+6¢c0s X+C

Question 11
d
a —(x +Xy) = X(1+y)
dy dy
2X+X—+ 2
ax TV
dy _2x+y
dx 2y-x
AL(2.3). dy 4+3 7
6 2 4

7 1
The equation of the tangent at the point (2, 3) is Y = ZX_E

d _d

b X + 35
43y W g
dx
dy__xX
dx y?
At (2, 3), ﬂ:—g

35

The equation of the tangent at the point (2, 3)is Y = —§X +E ,

which can be rearranged to 9y +4Xx =35

45
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Question 12

I14ﬂy2 dx = ﬂj?%dx = 7Z'J.14§dx = 7Z'|:1n|X|:|j

= 7(In4—1n1) = 7 In 4 units’

Question 13

A=1lxw=4wxw=4w’
d—W:2mm/s, d—AZSW

dt dw

dA_dA dW_ 5 sw=16w mms
dt dw dt

When w =150, dA = 2400 mm?/s = 24cm?/s

Question 14

. dx
Let X=5sinU,— =5cosU
du

IS\/ZS— x> dx = JS\/25—25sin2 u %du = J.X:5\/25(1—sin2 u)%du
0 0 du x=0 du
=J.u=5\/25cos2 u ! du :P ldu= [u]og = Z units?
-0 0 9

Scosu

Question 15

dx

2 —
J'Z 3X"+5X% 12 dXZJ- A dX+J. B dx 4+ C :
L (X+2)(x+1) X+2 X+1 (x+1)

A(X+1)° +B(X+2)(X+1)+C(x+2) =3x> +5x—1
A+B=3
2A+3B+C =5

A+2B+2C=-1
Solving gives A=1, B=2 and C =-3.

1 2 3 3 T
j dx+j dx—j —dx =| In|x+2|+2In|x+1|+—
X+2 X+1 (x+1) X+1]
=1n|4|+21n|3|+%—(1n|3|+21n|2|+%)

=—l+m3
2
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Question 16

d—V=—5<:m3/s in
dt h 20
_arh_ah’ b
3 48 4
d d( zh’
E(V)_E(Tsj
@ _ah’ ch
dt 16 dt
2
g
16 dt
When h=10cm,
dh  —5x16 4

—= =—ocm/s
dt  100r 57

4
So the height is falling at a rate of S—Cm/s
V4

Question 17
Let x be the length of the shadow and Yy be the distance of the person from the lamp-post.

O

-

wg'y

2 t‘ug‘é*li

y

a Using similar triangles

42  X+y
195 x
42x=1.95x+1.95y
2.25x=1.95y
x:ﬁy
2.25
dx 13 dy
dt 154t
dx 13

:—)(5

dt 15

zﬁm/s
3
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1
b Whether the person is travelling East or West the shadow is changing at the same rate, —3m/s .

2.25x=1.95y
dx 13
dy 15
y'=24"+7°
ﬂ=2z
dz
dy z
[
o _ox dy
dt dy dz
=£><£><5
15y
After 2 seconds, z=10m and y =26m.
dx 13 10 5

—=—x—x5=—m/s
dt 15 26 3

2y

X
dt

48
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